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ABSTRACT
We present a theoretical analysis of J/Ψ-meson production in photon-photon collisions
within the factorization formalism of Non-Relativistic Quantum Chromodynamics. We
include the full next-to-leading-order corrections to the direct process and leading order
contributions from single- and double-resolved photons. Our predictions are nicely con-
firmed by recent experimental data from the DELPHI collaboration at CERN LEP2, while
those obtained within the traditional Colour-Singlet Model are disfavoured. The next-to-
leading-order cross sections for the direct production of J/Ψ-mesons in association with
photons and jets are of comparable size. Since the latter process does not occur within the
Colour-Singlet Model, its experimental observation with the predicted production rates
would provide evidence for the existence of colour-octet processes in nature.
ZUSAMMENFASSUNG
In dieser Arbeit stellen wir eine theoretische Behandlung der Produktion von J/Ψ-
Mesonen in Photon-Photon-Streuung im Rahmen des Faktorisierungsformalismus der
nichtrelativistischen Quantenchromodynamik vor. Dies beinhaltet die Berechnung der
Korrekturen zur direkten Photon-Photon-Streuung in na¨chstfu¨hrender Ordnung in αs,
sowie die Berechnung der Beitra¨ge durch aufgelo¨ste Photonen in fu¨hrender Ordnung.
Die daraus resultierenden Vorhersagen des Farb-Oktett-Modells sind in bemerkenswerter
U¨bereinstimung mit den neuesten experimentellen Daten von LEP2 (CERN), wa¨hrend
diejenigen des Farb-Singlett-Modells hierzu im Widerspruch stehen. Weiterhin sind die
errechneten Wirkungsquerschnitte der direkten J/Ψ-Produktion in Verbindung mit ein-
erseits Photonen und andererseits Jets in na¨chstfu¨hrender Ordnung von vergleichbarer
Gro¨ße. Da die Produktion von J/Ψ-Mesonen mit Jets im Farb-Singlett-Modell nicht er-
laubt ist, wa¨re eine experimentelle Beobachtung dieses Prozesses ein gla¨nzender Beweis
fu¨r die Existenz von Farb-Oktett Zusta¨nden in der Natur.
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1.1 Motivation for studying J/Ψ physics
Since its discovery in 1974, the J/ψ meson has provided a useful laboratory for quan-
titative tests of Quantum Chromodynamics (QCD) and, in particular, of the interplay
between perturbative and non-perturbative phenomena. The factorization formalism of
Non-Relativistic QCD (NRQCD) provides a rigorous theoretical framework for the de-
scription of heavy-quarkonium production and decay [1]. This formalism implies a sepa-
ration of short-distance coefficients, which can be calculated perturbatively as expansions
in the strong coupling constant αs, from long-distance matrix elements, which must be
extracted from experiment. The relative importance of the latter can be estimated by
means of velocity scaling rules, i.e. the matrix elements are predicted to scale with a
definite power of the heavy-quark (Q) velocity v in the limit v  1. In this way, the the-
oretical predictions are organized as double expansions in αs and v. A crucial feature of
this formalism is that it takes into account the complete structure of the QQ Fock space,
which is spanned by the states 2S+1L
[a]
J with definite spin S, orbital angular momentum
L, total angular momentum J , and colour multiplicity a = 1, 8. In particular, this for-
malism predicts the existence of colour-octet processes in nature. This means that QQ
pairs can be produced at short distances in colour-octet states and subsequently evolve
into physical (colour-singlet) quarkonia by the non-perturbative emission of soft gluons.
In the limit v → 0, the traditional Colour-Singlet Model (CSM) [2, 3] is recovered. The
greatest triumph of the NRQCD formalism was that it was able to correctly describe the
cross section of inclusive charmonium production in pp collisions at the Fermilab Tevatron
[4, 5, 6] and in γγ collisions at CERN LEP2 [7, 8], which had turned out to be more than
one order of magnitude in excess of the theoretical prediction based on the CSM.
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In order to convincingly establish the phenomenological significance of the colour-octet
processes, it is indispensable to identify them in other kinds of high-energy experiments as
well. Studies of charmonium production in ep photoproduction, ep and νN deep-inelastic
scattering, e+e− annihilation, γγ collisions, and b-hadron decays may be found in the
literature [see Refs [9, 10]]. Furthermore, the polarization of charmonium, which also
provides a sensitive probe of colour-octet processes, was investigated [11, 12, 13]. None
of these studies was able to prove or disprove the NRQCD factorization hypothesis. On
the one hand, the theoretical predictions to be compared with existing experimental data
are, apart from very few exceptions [14, 15, 16], of lowest order (LO) and thus suffer
from considerable uncertainties, mostly from the dependences on the renormalization
and factorization scales and from the lack of information on the non-perturbative matrix
elements. On the other hand, the experimental errors are still rather sizeable. The
latter will be dramatically reduced with the upgrades of DESY HERA and the Fermilab
Tevatron and with the advent of CERN LHC and hopefully a future e+e− linear collider
(LC) such as DESY TESLA. On the theoretical side, it is necessary to calculate the next-
to-leading-order (NLO) corrections to the hard-scattering cross sections and to include
the effective operators which are suppressed by higher powers in v.
1.2 Physics of bound states in QED and QCD
1.2.1 QED
Atoms like muonium (µ¯e) or positronium (e¯e) are described quite accurately by simple
non-relativistic quantum mechanics, particularly if the Coulomb potential is augmented
by various corrections of the Pauli Hamiltonian [17]. Higher accuracy can be achieved by
somehow incorporating the covariant perturbation theory of Quantum Electrodynamics
(QED). Schwinger [18] and Bethe and Salpeter [19] accomplished this by reformulating the
bound state problem in terms of covariant Green functions [known as Bethe-Salpeter Eqs]
(BSE). They abandoned non-relativistic quantum mechanics in favour of the relativistic
field theory. Corrections to muonium hyperfine splitting up to order α2 and corrections
to the decay rate of orthopositronium up to order α were computed in Refs [20, 21].
However, the BSE, while elegant, have proven quite difficult to be applied in high
precision calculations, primarily because they are relativistic equations applied to a non-
relativistic problem. These formulations take only little advantage of the radical differ-
ences between the physics at non-relativistic momenta and that at relativistic momenta.
An alternative solution to the bound state problem was proposed by Caswell and Lep-
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age [22], that greatly simplifies the computations. In principle, this approach can be
applied to any non-relativistic problem [i.e.. low-energy scattering, infrared singularities,
etc.]. Rather than replacing non-relativistic quantum mechanics, Caswell and Lepage
introduced a new non-relativistic effective theory called Non-Relativistic Quantum Elec-
trodynamics (NRQED). This effective field theory is constructed so that it involves only
non-relativistic momenta and reproduces the low-momentum behaviour of QED to any
desired accuracy. It adopts a renormalization group strategy and isolates contributions
from relativistic and non-relativistic momentum scales. The form of the action in NRQED
is uniquely determined by the symmetries and the particle content of the theory. The
contributions from QED that involve relativistic loop momenta are absorbed by renor-
malization of the coupling constant of the various local interactions in NRQED. This
is possible since the wavelengths associated with relativistic momenta are much shorter
than those associated with non-relativistic momenta, and consequently any effects due
to relativistic loop momenta can be described by local interactions. The coupling con-
stants that appear are determined by matching conditions, requiring that the predictions
of NRQED agree with those of QED to any desired accuracy. This implies on the one
hand the evaluation of on-shell scattering amplitudes in QED. At this step bound states
do not enter, only relativistic loop momenta contribute, and the Feynman gauge is the
appropriate gauge to be used. On the other hand the properties of the bound states are
computed in NRQED. Since only the non-relativistic momenta are present, the convenient
gauge is the Coulomb gauge.
Such an approach makes no specific approximation, so that it can be used to study non-
relativistic systems in any relativistic field theory. It was extended by Bodwin, Braaten
and Lepage [1] to Quantum Chromodynamics .
1.2.2 QCD
One of the earliest applications of perturbative QCD was the calculation of the light
hadronic and electromagnetic decay rates of S-wave quarkonia [23]. The calculation was
based on the assumption that the annihilation of the heavy quark and anti-quark is a short
distance process which, because of the asymptotic freedom of QCD, can be computed in
perturbation theory. It was assumed that non-perturbative effects could be factored into
RS(0), the non-relativistic wave function at the origin. The justification for such an as-
sumption was that effects at different energy scales can be factorized. A heavy quark and
anti-quark bound state is characterized by two distance scales: (a) its mean radius rc of
the order of 1 fm, at which the effective coupling strength for the binding becomes large
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and the perturbative analysis breaks down, and (b) the Compton wavelength of the con-
stituents or their inverse mass 1/Mc. If 1/Mc is much shorter than rc, the binding effects
can be factored out from the annihilation or production process, which are essentially lo-
cal relative to rc. This approach is known as the Colour Singlet Model (CSM) [2, 3]. This
assumption has been supported by subsequent calculations beyond the leading order [23].
Using a similar approach in the case of P -waves one might expect to be able to calculate
their decay rates into light hadrons in terms of a single non-perturbative parameter R
′
P (0),
the derivative of the non-relativistic wave function at the origin. Explicit calculations at
order α3s reveal that infrared divergences are left over [24]. This is a clear indication of
sensitivity to non-perturbative effects beyond those contained in R
′
P (0).
The CSM has been superseded by a consistent and rigorous framework based on
NRQCD [1], that includes the so-called colour octet mechanism. Despite the recent
theoretical and experimental developments, the range of applicability of the different ap-
proaches is still subject to debate. Because the quarkonium mass is still not very large
with respect to the QCD scale, in particular for the charmonium system, non-factorizable
power corrections may not be sufficiently suppressed and the NRQCD expansion may not
converge very well. In this respect, a global analysis of various processes is necessary
to assess the importance of different quarkonium production mechanisms as well as the
limitations of particular theoretical frameworks.
1.3 Purpose and outline of this work
Our main goal is to study the production of J/Ψ meson in two-photon collisions, i.e. to
test the validity of NRQCD, to compare theoretical predictions with the available CERN
LEP2 data, and to make, within this framework, predictions for a future e+e− linear
collider like DESY TESLA. Since we expect different features for J/Ψ production at
various colliders, we divide this work into J/Ψ-production with small transverse momenta
at CERN LEP2 and J/Ψ-production with large transverse momenta at DESY TESLA.
The NRQCD factorization approach to charmonium production is introduced in Chap-
ter 2 together with the projector formalism, adapted for n-dimensional computations.
Chapter 3 summarizes the LO NRQCD predictions for J/Ψ-production in two-photon
collisions and confronts them with recent experimental data from CERN LEP2 data.The
full (NLO-virtual and real) corrections for J/ψ production in direct photon-photon colli-
sions are considered in Chapters 4 and 5. Chapter 6 presents numerical results for J/Ψ






2.1 NRQCD as an effective field theory
In the meson rest frame, the heavy quark and anti-quark are non-relativistic, with rela-
tive velocity v  1 and relative momentum Mv. The annihilation or production of heavy
quarks and anti-quarks can occur only within a distance of order 1/M i.e. off-shell by
an amount of order M. This distance is much smaller than the size of the meson of order
1/(Mv). To solve the problem of such bound states, one can think about factorizing the
effects from different momentum scales. This involves the separation of the relativistic pro-
duction and annihilation (p ∼M) from non-relativistic binding effects (p ∼Mv). A par-
ticularly elegant approach for solving this problem is Non-Relativistic Quantum Chromo-
dynamics (NRQCD), an effective field theory consisting of a non-relativistic Schro¨dinger
field theory for the heavy quarks and anti-quarks and a typical relativistic field theory for
the light quarks and gluons [1]. It starts from full QCD and at the first step a cutoff Λ
of order M is introduced. This cutoff explicitly excludes relativistic heavy quarks from
the theory, and light quarks and gluons with momenta of order M as well. This can be
justified by the argument that the important momenta for non-perturbative effects of the
binding are of order Mv or less. Of course, the relativistic states that are discarded do
have some effects on the low energy physics of the theory. The relativistic intermediate
states involving heavy quarks and anti-quarks are necessarily highly virtual. They can
propagate only over distances of order 1/M that are point-like on the scale 1/(Mv) of the
quarkonium structure. Their effects can be accurately reproduced by local interactions
involving low-momentum scales. Such an argument cannot be applied to the virtual states
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produced in the annihilation of a heavy quark and anti-quark pair into light partons, since
they are not necessarily far from their mass shell. The effects of relativistic light partons,
excluded in this ultraviolet cutoff formulation, cannot be reproduced in detail. Never-
theless, the total annihilation width, the total production rate or any other sufficiently
inclusive observables can be described accurately.
Generalizing standard renormalization procedures, one can systematically compensate
for the removal of the relativistic states by adding new local interactions to the Lagrangian.
To leading order in 1/M , these new interactions are identical in form to interactions al-
ready present, and so the net effect is simply to shift bare masses and charges. Beyond
leading order in 1/M , one must extend the Lagrangian to include non-renormalizable
interactions that correct the low-energy dynamics order by order in 1/M . In this refor-
mulation of QCD, all effects that arise from relativistic states are incorporated into the
renormalization of the coupling constants of the extended Lagrangian. Thus, in the cutoff
theory, relativistic and non-relativistic contributions are automatically separated. This
separation is known as the Factorization Approach and is the basis for all recent analyses
of the annihilation and production of heavy quarkonium.
2.1.1 Effective Lagrangian of NRQCD
One could in principle construct an effective Lagrangian that describes the low-energy QQ¯
sector of QCD by starting with the full Lagrangian and carrying out two transformations:
• make a renormalization group transformation that removes modes with momenta
greater than a cutoff Λ.
• make a transformation that removes interactions that change the numbers of heavy
quarks and anti-quarks.
Both of these steps are very complicated to carry out in practice. Fortunately, there is
an alternative to explicitly constructing the effective Lagrangian and that is the strategy
of Effective Field Theory. In this approach the construction of the Lagrangian proceeds
through the following steps:
• Identify the required fields to describe the low-energy sector of the theory.
• Identify the symmetries that one can maintain in the effective theory.
• Specify the accuracy to which low-energy observables computed in the original the-
ory should be reproduced by the effective theory.
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• Write down the most general Lagrangian that is allowed by the symmetry constraints
and that achieves the specified level of accuracy.
• Determine the coefficients by matching low-energy observables of the effective theory
with those of the full theory.
The symmetries that are still present in an effective theory play a very important role in
the construction of the effective Lagrangian. For NRQCD they are as follows:
• SU(3) gauge symmetry. Gluon fields enter into the effective Lagrangian only through
the gauge covariant derivatives Dt and D.
• rotational symmetry. Heavy quarks are non-relativistic and this necessarily breaks
down the Lorentz symmetry of QCD to its rotational subgroup.
• charge conjugation and parity.
The charge conjugation transformations of the heavy quark and anti-quarks
fields are
Ψ → i (χ†σ2)T and χ→ −i (Ψ†σ2)T .
The parity transformations of the heavy quark and anti-quark fields are
Ψ(t, r) → Ψ(t,−r) and χ(t, r) → −χ(t,−r).
• heavy-quark phase symmetry. This imposes the conservation of the number of heavy
quarks and anti-quarks separately. Its action on the fields is
Ψ → ei α Ψ , χ→ ei β χ.
• heavy-quark spin symmetry. The two spin components of the heavy quark and
anti-quark are mixed by independent unitary transformations:
Ψ → U Ψ , χ→ V χ,
where U and V are SU(2) matrices. This is only an approximate symmetry, holding
up to relative corrections of order v2.
The most general effective Lagrangian consistent with these symmetries can be written
as









q¯ i 6Dq, (2.2)
where Gµν is the gluon field-strength tensor, q is the Dirac spinor field for the light quarks,
Dµ = ∂µ + i g Aµ where Aµ = (φ,A) is the SU(3) gauge field, g is the QCD coupling














where Ψ is the Pauli spinor field that annihilates a heavy quark, χ is the Pauli spinor
field that creates a heavy anti-quark, and Dt and D are the time and space components
of the gauge covariant derivative Dµ. The relativistic effects are reproduced through the
correction term δL in the Lagrangian. The level of accuracy is specified by the order in
v with which the energy levels of quarkonium must be reproduced. The terms already
shown in LNRQCD give an accuracy of the energy levels of order Mv4. A redefinition of the
field Ψ (χ) can be used to eliminate terms in which Dt acts on Ψ (χ), as is shown below.
Because of these redefinitions, NRQCD will not reproduce the low-energy behaviour of
Green’s functions of QCD. It will only agree with full QCD for on-shell quantities. The
minimal form of NRQCD is obtained by setting δL = 0. It contains two parameters:
the heavy-quark mass M and coupling constant g. These parameters can be tuned as
functions of the QCD coupling constant αs, the heavy-quark mass parameter mQ, and
the ultraviolet cutoff Λ of NRQCD, so that the splittings between the quarkonium energy
levels are reproduced up to errors of order Mv4.
If one wishes to reduce the errors in the quarkonium energy levels below Mv4, it is
necessary to add additional terms in δL. It can be shown that to reduce the errors to
order Mv6, it is necessary and sufficient to take these terms to be :
δ Lbilin = c1
8 M3
[


















Ψ† (g B · σ)Ψ + χ† (g B · σ)χ
]
, (2.4)
where Ei = G0i and Bi = 1
2
i j k, Gj k are the electric and the magnetic components of
the gluon field-strength tensor Gµ ν. Mixed two-fermion operators involving χ† and Ψ (or
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Ψ† and χ) correspond to the annihilation (or the creation) of a QQ¯ pair. Such terms are
excluded from the Lagrangian as part of the definition of NRQCD. The effects of such
annihilation or creation processes on low-energy amplitudes can be reproduced by adding
four-fermion operators such as Ψ†χχ†Ψ to the effective Lagrangian.
2.1.2 Annihilation into light partons
As was explained in the last Section, the annihilation of a QQ¯ pair cannot be described
accurately within NRQCD. Nevertheless, the annihilation rate (given to the squared am-
plitude summed over all final states) can be precisely described. Since the annihilation
of a QQ¯ pair occurs within a distance of order 1/M the annihilation contributes to a
low-energy QQ¯→ QQ¯ scattering. It can be mimicked within NRQCD by local 4-fermion
operators that annihilate a pair of QQ¯ at the space-time point (x1) and recreate it at
another space-time point (x2), so that the numbers of heavy quarks and anti-quarks are
individually conserved. The optical theorem relates the annihilation rate to the imaginary
parts of the QQ¯ → QQ¯ scattering amplitudes. This implies that the coefficients of δL
must have imaginary parts and that is the manifestation of the annihilation in NRQCD.
Using Fierz’s decomposition relations [25] over colour and spin subspaces [App. A and





Ψ†χχ†Ψ + Ψ†σiχ · χ†σiΨ
)
+ Ψ† T aχ T aχ†Ψ + Ψ† T aσiχ T aσiχ†Ψ. (2.5)







O8[1S0] = Ψ† T aχ T aχ†Ψ,
O8[3S1] = Ψ† T aσiχ T aσiχ†Ψ, (2.6)
where the subscript 1 or 8 indicates the colour structure, the arguments 2 S+1LJ indicate
the spin and the angular-momentum state of the QQ¯ pair. Using the velocity-scaling
rules [26, 27] all these operators scale like M 6 [called dim-6 operators]. Introducing also
the spatial part of the covariant derivatives inside these operators, one obtains the P-wave
operators that scale like M 8 [see App. A and B]. The normalization of the operators agrees
with Ref. [15] and differs from Ref. [1] by a factor 1/(2 Nc) for colour-singlet operators.
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As can be understood from Eq. (2.5), the colour-singlet and colour-octet operators are
introduced together, and it is natural to treat them on an equal footing. This is in
contrast to the CSM, which selects only the colour-singlet operators (corresponding to
the projection onto the dominant Fock state of a quarkonium state H). The way in
which we have introduced these operators shows that they are corrections to the LO
Lagrangian, and the velocity scaling-rules provide us with their dependence on v2. It is
the balance between the suppression in v2 and the enhancement in αs, coming from the
hard scattering, which will decide on the dominant contributions for a given heavy-quark
state and a hard process. Note that there is no a priori motivation to exclude the colour-
octet operators in favour of the colour-singlet ones. In the non-perturbative evolution
from the on-shell QQ¯ pair to a bound state, soft gluons will be emitted, which change the
colour, spin and angular momentum of the QQ¯ system.








where On(Λ) denotes the local 4-fermion operator listed in App. B. With the help of the
optical theorem, we recall that the annihilation rate is (−2×) the imaginary part of the
energy,
Γ(H → LH) = 2 Im〈 H|δL4−fermion|H 〉, (2.8)
where LH represents all possible light-hadron final states. This can also be written as




〈 H|δL[n]|H 〉. (2.9)
The coefficients Im fn(Λ) are proportional to the annihilation rate of the initial config-
uration into light quarks and gluons, and can be computed as a perturbation series in
αs(M). The operator-matrix elements give the probability for finding the heavy quark
and anti-quark in the meson in a quantum state with specified colour, spin and angular-
momentum quantum numbers [1]. The dependence on the arbitrary factorization scale Λ
cancels between the coefficients and the operators.
2.1.3 Production from light partons
As in the case of the annihilation width, we wish to write the production rate as a sum
of terms, consisting of a short-distance part, that can be computed in perturbative QCD,
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Figure 2.1: Diagrammatic representation of quarkonium bound state production.
and a long-distance part that can be expressed as a matrix element in NRQCD. Such
a factorized formulation is based on the cancellation of IR-divergences at all orders of
perturbation theory for sufficiently inclusive processes. The derivation of this separation
of physics at different scales is usually done in two steps. In the first step, called topological
factorization, one separates the effects of the hard momentum scale of order Q = M
from those of the soft momentum scale ΛQCD = Mv
2. This step is similar to the usual
factorization methods of perturbative QCD and is also valid for a choice of the hard
momentum scale of order M . The additional step is required to separate effects of scale
M from those of scale Mv, and is called NRQCD factorization.
In Ref. [15] there is a pictorial representation of the first step, which is also reproduced
in Fig. 2.1. After cancellations between real- and virtual-soft gluons, one can identify the
following structure for a dominant cut-diagram :
• Hard-scattering sub-diagrams (to the left and to the right hand side of the cut).
They describe the production of the on-shell heavy quark pair within a distance of
order 1/M and some additional hard partons. The outgoing QQ¯ pair has a small
relative momentum of order Mv.
• jet-like sub-diagram Y. This consists of single hard parton lines, that extend through
the cut and connect the two hard sub-diagrams.
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• Quarkonium sub-diagram. This also extends through the cut and is attached to the
hard sub-diagrams by Q and Q¯ lines. It contains the quarkonium bound state and
some soft partons produced during the binding process.
For sufficiently inclusive production processes, the Kinoshita-Lee-Nauenberg (KLN) the-
orem states that the soft-gluon exchanges between jet-like sub-diagrams and quarkonium
sub-diagrams cancel, and their effect on the production rate can be neglected [28]. With
this constraint satisfied in the cut-diagram, all effects of the hard scale can be factored
into hard-scattering sub-diagrams, while all effects of the soft scale ΛQCD are factored
into jet-like and quarkonium sub-diagrams. After this first step, effects of the momentum
scale Mv are distributed between the hard-scattering diagram (through the Q and Q¯
propagators) and the quarkonium diagram (through the gluons with momentum of order
q = Mv that are responsible for the binding process). A simple way to disentangle the
momentum scale Mv from the hard-scattering sub-diagrams is to make a Taylor expan-
sion in the relative momentum Mv of the heavy quark and anti-quark and then to absorb
all resulting Mv-dependent functions into the quarkonium sub-diagrams. Each term in
the Taylor series corresponds to a local operator that creates a QQ¯ pair from the vacuum.
2.2 Projector formalism and Fock state decomposi-
tion
Assuming the validity of the factorization theorem, production of a quarkonium in the
hadronic state H can be expressed as
M = Ti j(QQ¯ + Y )〈H X|Ψ†χ|0〉, (2.10)
where Ti j is the matrix element for the hard-scattering sub-diagrams to produce an on-
shell heavy-quark and anti-quark pair and some additional, hard partons, and 〈H X|Ψ†χ|0〉
is the projection of the the final hadronic state QQ¯ onto the space of states containing
the quarkonium state H and unspecified hadrons.
Summing over a complete set of QQ¯ states, one obtains
M = ∑
n
Ti j(QQ¯ + Y )〈H X|Q Q¯[n]〉〈Q Q¯[n]|Ψ†χ|0〉
≡ ∑
n
〈H X|Q Q¯[n]〉Tr[T Π[n]] = ∑
n
〈H X|Q Q¯[n]〉A[n], (2.11)
where Π[n] selects the colour, spin and angular-momentum quantum numbers of the quark
pair, 〈H X|Q Q¯[n]〉 is the probability amplitude that the quark pair in the state [n]
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hadronize into the quarkonim state H. We can express the quark pair state |Q Q¯[n]〉 with
the help of a creation bilinear operator [see App. A and B] as
|QQ¯[n]〉 = Ψ†Knχ|0〉 ≡ O†bilin[n]|0〉 , 〈H X|Q Q¯[n]〉 = 〈H X|O†bilin[n]|0〉, (2.12)
〈QQ¯[n]| = 〈0|χ†K′nΨ ≡ 〈0|Obilin[n] , 〈Q Q¯[n]|H X〉 = 〈0|Obilin[n]|H X〉. (2.13)







〈H X|Q Q¯[n]〉〈Q Q¯[n]|H X〉|A[n]|2. (2.14)






|H X〉〈H X|. (2.15)
The quarkonium state H is specified by its colour, spin, angular momentum and total
angular momentum quantum numbers, and the previous sums are over the final states X,
the colour and the 2 J + 1 spin degrees of freedom. With the projector defined as before,










= 〈0|Obilin[n]PHO†bilin[n]|0〉 ≡ 〈OH [n]〉. (2.16)
Now, we can write the expression for the total cross section as a sum of terms, which
can be expressed as a product of a short-distance hard-scattering cross section and the




dσˆ(QQ¯[n] +X)〈OH [n]〉, (2.17)
where dσˆ(QQ¯[n]+X) is computed in perturbative QCD and 〈OH [n]〉 gives the probability
for aQQ¯ pair in state [n] to form anH particle. The latter is determined either in NRQCD
or treated as phenomenological parameters.
This formalism takes into account the complete structure of the Fock space. The sum
is over all states [n] that can produce an H particle. To compute dσ(H +X), one should
consider not only the dominant Fock state QQ¯, which has the same quantum numbers as
the particle H, but also higher Fock states that contain additional gluons or qq¯ pairs. For
example, the most important contributions to J/Ψ particle production are
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|J/Ψ〉 = ΨJ/Ψ|cc¯[3S [1]1 ]〉+ ΨJ/Ψg |cc¯[3P [8]J ] + g〉
+ ΨJ/Ψg |cc¯[1S [8]0 ] + g〉+ ΨJ/Ψgg |cc¯[3S [8]1 ] + gg〉+ ... (2.18)
The heavy-quark pair, produced at the hard scale, can be either in a colour-singlet or
in a colour-octet state, but they evolve non-perturbatively into a physical state emitting
soft gluons. The wavelengths of the gluons are much larger than the dimension of the
bound state 1/Mv or the hard interaction distances 1/M , and they cannot be described
in QCD. Rather than QCD we should apply the multipole expansion technique. The
probability that a higher Fock state evolves into a physical state can be estimated using
the velocity-scaling rules [26, 27].
In the Coulomb gauge, the scalar potential does not propagate, and the dynamical
gluons are created and annihilated by the vector potential A. Using velocity-scaling rules,
we can organize LNRQCD as an expansion in powers of v. At order v0 there is no coupling
between A and Ψ or χ, so that the probabilities of higher Fock states are suppressed by
powers of v. The |QQ¯g〉 states with the highest probability are those that couple to the
dominant |QQ¯〉 state via order v1 of the Lagrangian LNRQCD:
L1 = − 1
M
Ψ†(igA · ∇)Ψ + c4
2M
Ψ†(∇× gA) · σΨ + charge conjugate. (2.19)
• We first consider the term Ψ†(igA · ∇)Ψ and refer to the corresponding transition
that proceeds through this term as an electric transition. Such a transition from
the dominant |QQ¯〉 state to a |QQ¯g〉 will change the angular momentum quantum
numbers of the QQ¯, satisfying selection rules ∆L = ±1,∆S = 0. The probability
of this transition scale with v2 can be deduced from Table 2.1.
• We next consider the term Ψ†(∇× gA) ·σΨ and refer to a transition that proceeds
via this term as a magnetic transition. A magnetic transition from the dominant
|QQ¯〉 state to a |QQ¯g〉 will change the spin of the QQ¯ pair and satisfy selection
rules like ∆L = 0,∆S = ±1. The probability of this transition scales with v4.
Similar arguments can be used to determine the magnitude of the probability for other
Fock states. Any such state can be reached by a sequence of electric and magnetic
transitions. Both electric and magnetic transitions change the colour state of QQ¯, since
the gauge boson is a coloured object: the soft gluon.
As can be seen from factorization formulae, the hard-scattering cross section
dσˆ(QQ¯[n]+X) is computed in perturbative QCD as an expansion in power of αs, and the
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〈OH [n]〉 matrix elements are organized in NRQCD as an expansion in powers of v2. Thus
we can conclude that the cross section dσ(H + X) is a double expansion in αs and v
2.
While QCD provides rigorous quantitative predictions, NRQCD provides only a hierarchy,
so that the matrix elements 〈OH [n]〉 should be treated as phenomenological parameters.








gA0 (Coulomb gauge) Mv
2
g ~A (Coulomb gauge) Mv3
The short-distance cross sections in (2.17) contain QCD projectors Π[n] that select
colour, spin and angular-momentum quantum numbers. They have been known since
some time ago [29] and have been used since then in analyses of quarkonium production
and decay. Ref. [15] extended them to D-dimensions so that they can be used also in com-
putations that involve dimensional regularization. These QCD projectors can be split into:

























+ q +m). (2.22)
Using these projectors and equation (2.12), one can express the amplitude for the hard
scattering processes, as is shown below. The sums over final polarizations of quarkonium
are also listed since they are used in the computation of squared aplitudes (they select
the appropriate total angular momentum quantum numbers).
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• Spin singlet S states 1S0:
AS=0,L=0 = Tr[C Π0A]|q=0 (2.23)
• Spin triplet S states (3S1):









α = Πα α = D − 1 = 3− 2  (2.25)
• Spin singlet P states (1P1):
AS=0,L=1 = β d
d qβ
Tr[C Π0A]|q=0 (2.26)
• Spin triplet P states (3PJ):
J = 0
AS=1,L=1 = εαβ d
d qβ































(D − 1) (D − 2)
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[Πα α′Πβ β′ + Πα β′Πα′ β]− 1









(D + 1) (D − 2)
2
= (5− 2 ) (1− ) (2.30)
These amplitudes will then be squared, summed over the final degrees of freedom and
averaged over the initial ones to obtain the short-distance cross section
d σˆ(QQ¯[n] +X). This can be written as









where s is the partonic centre-of-mass energy squared and dΦ is the n-body phase space,
n being the number of the final state particles. The matrix element 〈OH [n]〉 includes the
sum over the colour and the 2 J + 1 total angular-momentum states. If we use SU(3)
symmetry for the colour sub-space and rotational invariance, we can assume that NRQCD
operator matrix elements (OMEs) are identical for all colour and total angular momentum











This is useful for recovering the exact expression for the short-distance cross section
d σˆ(ij → QQ¯[2 S+1L[1,8]J ] + X), in which all final degrees of freedom are summed over.
Taking this into account, the factorization formula given in Eq. (2.17) becomes:




where Ncol = N
2
c − 1 and Npol have been introduced in Eq. (2.24-2.30).
2.3 Renormalization group equation for operator ma-
trix elements
Within the NRQCD factorization approach one can find rigorous solutions for the can-
cellation of Infra-Red- (IR) or Coulomb-singularities. This cancellation can be done by
taking into account loop corrections to the NRQCD operators matrix elements. Since we
are dealing with loop corrections, we need a regularization scheme to remove divergences
present in the theory. We impose the cutoff by using a mass independent regularization
scheme, such as dimensional regularization. We have used the technique used in Ref. [15],
to explicitly introduce radiative corrections to the NRQCD operators rather than match-
ing between cross sections computed both in full QCD and NRQCD. We focus now on the
one-loop corrections to the scattering amplitudes of the operator 〈O8[3S1]〉. We consider
the amplitude for the scattering of a QQ¯ pair with momenta p and −p into a pair with
momenta p′ and −p′ with |p| = |p′|. We shall use a compact notation with suppressed
Pauli spinors to write the operators corresponding to the leading-order diagrams as :





















Figure 2.2: Feynman diagrams in NRQCD for the self-energy corrections of a heavy-quark
line, that contribute to the evolution of an S-wave four-fermion operator.
Figure 2.3: Feynman diagrams in NRQCD for vertex-corrections that contribute to the
evolution of an S-wave four-fermion operator.
























The one-loop corrections include: (i) self-energy insertions to the four heavy quark lines
shown in Fig. 2.2 and (ii) vertex-correction diagrams shown in Fig. 2.3, and the cor-
responding one-loop corrections to S-wave operators have all the same scalar structure.
It is convenient to chose the Coulomb gauge to compute contributions coming from all
diagrams shown in Fig. 2.2 and Fig. 2.3, because in this gauge one can split the gluon
propagator into two pieces: a transverse part,
Gµνtrans(k




















δµ 0δν 0. (2.36)
The transverse part is responsible for ultra-violet and infra-red divergences in all the
diagrams shown in Fig. 2.2 and Fig. 2.3. The Coulomb part is responsible for the Coulomb
singularities that arise from diagrams 2.3(b-c).
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• Coulomb gluon exchange
Using NRQCD Feynman rules in the meson rest frame, where the 4-vector momenta
of the incoming Q, Q¯ heavy quark and anti-quark and of the exchanged gluon g can
be written as pQ = (p0,p), pQ¯ = (p0,−p) and (k0,k), and the subsequent on-shell
condition p0 = p
2/2M , we get for the Coulomb gluon exchange in diagram 2.3.b







p0 + k0 − (p+k)22 M + i
1
p0 − k0 − (p+k)22 M + i
. (2.37)
And similarly, for the diagram 2.3.c, we get






p0 + k0 − (p′−k)22 M + i
1
p0 − k0 − (p′−k)22 M + i
. (2.38)
The integration over k0 can be performed by contour integration, closing the loop
in the lower half of the complex k0 plane and picking up the pole at k0 = −p0 +


















k2 − 2p′ · k− i . (2.39)
The last two integrals are divergent, and they must be performed using some
regularization technique. As was mentioned above, dimensional regularization is
a convenient one for NRQCD. Using the definitions v = p/m,v′ = p′/m and


















A longitudinal gluon exchange does not modify the spin, angular-momentum and
colour structure of these operators, except for a colour prefactor defined in App. B
C[1] = CF , C[8] = − 1
2 Nc
. (2.41)
The overall Coulomb correction to the operator matrix element is therefore
〈O[1,8][n]〉 = 〈O[1,8][n]〉born
(




The Coulomb divergences, which introduce order αs corrections to the NRQCD
operators, cancel exactly against those arising from the virtual corrections, as shown
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in Chapter 4. Using renormalized NRQCD operators, one can rigorously prove the
cancellation of Coulomb singularities, in contrast with the empirical approach used
previously, to absorb them into Bethe-Salpeter wave functions.
• Transverse gluon exchange
Using the relation (2.34) and the above introduced definitions we find two types
of contributions: (i) those arising from the diagrams shown in Fig.2.2(a,b) and
in Fig.2.3(b,c), in which the transverse gluon is exchanged between incoming or
outgoing heavy quark and anti-quark lines. Such an exchange does not modify the
colour, spin and angular-momentum structure of the matrix elements, except for a
v2-dependent prefactor. The specific integrals have the form:






p · p− (p · kˆ)(p · kˆ)
M2(k20 − k2 + i)
1
p0 + k0 − (p+k)22 M + i
1
p0 − k0 − (p+k)22 M + i
.
After performing a contour integration over k0 around k0 = k− i pole, we find


















Since the NRQCD is valid only at small values of p/M , p′/M , and k/M , it was
argued [1] that the correct way to perform this integral is first to expand as a Taylor
series in powers of 1/M and then integrate over k. Keeping only the first term in
the expansion, we find






p · p− (p · kˆ)(p · kˆ)
|k|3 . (2.43)
This integral is ultra-violet and infra-red divergent so that we must perform it using
dimensional regularization, and we find:

























The same result is valid also for contributions coming from diagram shown in Fig.
2.3.c. A similar result is found for any diagram shown in Fig. 2.2:

























In diagrams 2.3.(d-g), the transverse gluon is exchanged between an incoming heavy
quark (anti-quark) and outgoing quark(anti-quark) lines. This modifies the colour
and angular-momentum structure of the matrix elements, but does not modify the
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p · p′ − (p · kˆ)(p′ · kˆ)
|k|3 , (2.46)


























Using the above computed integrals and those established in App. A and B, we can express
NRQCD operator matrix elements, including corrections up to order αs, as follows:


















The presence of UV-divergences indicates that the operators need renormalization. The






















where µΛ is NRQCD renormalization scale.




















where αs is the renormalized strong coupling constant and µ is QCD renormalization
scale. A similar expression can be written for the colour-singlet operator:


















The renormalized operator matrix elements corresponding to 〈O8[1S0]〉 and 〈O1[1S0]〉 can
be obtained in a similar way and they are listed in App. A and B. The renormalization of
〈O8, 1[3PJ ]〉 will involve higher order corrections in v2 that are beyond the scope of this
work. The IR-divergences that show up in order αs corrections to the operator matrix
elements in NRQCD will be exactly canceled by the left over IR-divergences in the short
distance coefficients, as will be explicitly shown in Chapters 4 and 5. This ensures a
well-defined overall result, which solves the inconsistencies of the CSM, specifically the
fact that it is unable to explain NLO P-wave decays. Now we have a rigorous framework
to study heavy quarkonium production and decay.
In the next Chapters we shall consider only J/Ψ meson production. This implies that
the useful operators are S- and P-wave types. We shall not discuss furthermore about
relativistic corrections to these operators any further.
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Chapter 3
J/Ψ production in two-photon
collisions at leading order
In this Chapter we make a leading order (LO) analysis of J/Ψ production in two-photon
collisions, considering direct, single- and double-resolved processes. As we shall see in the
last Section, this level of accuracy is sufficient to explain experimental data from CERN
LEP2.
It was explained quite some time ago [30] that the photons can behave as point-like
particles and couple directly to the quark lines, and this is called a direct process. At large
momentum transfer, photons become resolved [31], in the sense that they do not behave
anymore as point-like particles, but rather as composed objects, and they participate
in the interactions through their quark and gluon constituents. If only one photon is
resolved and the other one is direct, we refer to this process as single-resolved. If both
photons are resolved, we refer to this as a double-resolved process. J/Ψ particles with
relatively small transverse momenta can be produced in direct and resolved processes,
because only a small fraction is required from the total available energy. This implies that
the photon constituents can carry only a small fraction of the total photon momentum,
where parton density functions (PDFs) reach their maximum values. At mild energies,
single-resolved processes become dominant as was explained in Ref. [32] for CSM and
in Ref. [33] for NRQCD. This sector has already been accessed at CERN LEP2 and,
indeed, the experimental data show that 75% of the recorded events are generated in
single-resolved processes. To obtain J/Ψ particles with large transverse momenta, a
large amount of energy is necessary, which translates into large fractions of energy for
the photon constituents (g, q). In this sector, the PDFs fall down rapidly. Although
there is a partonic enhancement ∼ αs/α of the resolved processes, we expect that the
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PDF 〈OJ/ψ1 (3S1)〉 〈OJ/ψ8 (3S1)〉 MJ/ψ3.4
MRST98LO 1.3± 0.1 4.4± 0.7 8.7± 0.9
CTEQ5L 1.4± 0.1 3.9± 0.7 6.6± 0.7
unit GeV3 10−3GeV3 10−2GeV3
Table 3.1: NRQCD matrix elements.
direct process will become dominant for large transverse momentum production. It is the
balance between PDF evolution with the fraction of energy and the enhancement of the
partonic cross section that selects between the two types of initial state processes.
3.1 Born cross section
In all analyses presented in this work, we use the Factorization Approach of NRQCD
[see Chapter 2], that supposes a separation of the hard scattering process from the non-
perturbative process of hadronization of the on-shell cc¯ pair to a heavy quarkonium state.
The hard scattering cross section is computed in perturbative QCD as an expansion in αs
and the long-distance process is described by the operators 〈OH [n]〉. We treat the latter
as phenomenological parameters and we chose for our numerical analysis their values
extracted from CDF-Tevatron by Ref. [13]. They are also listed in Table 3.1 and we use
the same normalization as Ref. [15], where the colour-singlet operators are divided by
2Nc.
We compute partonic and hadronic cross sections using the usual Feynman rules and
the projector formalism described in Chapter 2, which ensures that the cc¯ pair is produced
with the specified quantum numbers [n]. For these processes, it is convenient to evaluate




ν(k) = −gµν , at the expense of allowing for
Fadeev-Popov ghosts of the gluon to appear at non-Abelian gluon vertices.
3.1.1 Phase space for 2 → 1 and 2 → 2 processes
We consider J/Ψ-particles in the non-relativistic approximation, i.e. the relative velocity
between the charm quark c and anti-quark c¯ in the meson rest-frame is neglected in all
diagrams, except for those involving IR- or Coulomb-singularities. This can be expressed
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as
pc + pc¯ = PJ/Ψ pc − pc¯ = 2mv ' 0. (3.1)
We will compute all LO processes in the Center-of-Mass Systems (CMS) of the incom-
ing particles. For the analysis of the partonic system, we divide our computations into
two parts.
• The 2 → 1 processes, like a(k1) + b(k2) → J/Ψ(PJ/Ψ), are described by
the n-dimensional momenta
k1 = (ω1, · · · , 0, 0, ω1),
k2 = (ω1, · · · , 0, 0,−ω1),
PJ/Ψ = (EJ/Ψ, · · · , 0, 0, 0), (3.2)
the energy-momentum conservation laws and the on-shell conditions




P 2J/Ψ = 4m
2
c ≡ M2J/Ψ, (3.3)
and the Mandelstam variables
s = 2k1 · k2,
s1 = s− 4m2c,
t1 = −2k1 · PJ/Ψ,
t = t1 + 4m
2
c,
u1 = −2k2 · PJ/Ψ,
u = u1 + 4m
2
c . (3.4)
Using the on-shell conditions, we get the following relations for the Mandelstam
variables
s = 4m2c,
t1 = −4m2c ,
u1 = −4m2c . (3.5)
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• The 2 → 2 processes like a(k1) + b(k2) → J/Ψ(PJ/Ψ) +X(k3) are characterized by
the n-dimensional momenta (in the CMS of the incoming particles)
k1 = (ω1, · · · , 0, 0, ω1),
k2 = (ω1, · · · , 0, 0,−ω1),
PJ/Ψ = (EJ/Ψ, · · · ,−ω3 sinχ cosφ,−ω3 sinχ sin φ,−ω3 cosχ),
k3 = (ω3, · · · , ω3 sinχ cosφ, ω3 sinχ sinφ, ω3 cosχ), (3.6)
the energy-momentum conservation laws and the on-shell conditions






P 2J/Ψ = 4m
2
c ≡M2J/Ψ, (3.7)
and the Mandelstam variables
s = 2k1 · k2,
s1 = s− 4m2c,
t1 = −2k1 · PJ/Ψ,
t = t1 + 4m
2
c,
u1 = −2k2 · PJ/Ψ,
u = u1 + 4m
2
c . (3.8)
















Using all these relations, we obtain
t1 = −2ω1( EJ/Ψ + ω3 cosχ ),
u1 = −2ω1( EJ/Ψ − ω3 cosχ ),
s + t+ u = 4m2c . (3.10)
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3.1.2 Partonic cross section
To compute partonic cross sections of different kinds of processes we use the Factorization
Formula expressed in Eq. (2.33) and the definition given in Eq. (2.31).




Another useful ingredient to compute dσˆ is the phase space for the various topologies
involved. We again separate our calculations into two parts, corresponding to the 2 → 1
and to the 2 → 2 processes, respectively.
• The partonic cross section of a 2 → 1 process reads









= Ks Kc φ (2pi)
∫ dn−1PJ/Ψ
2P 0J/Ψ






















2 −m2) = δ(k2 −m2)Θ(m), Ks is the spin average factor and Kc is the























• The partonic cross section of a 2 → 2 process, in n = 4 − 2 dimensions, can be
written as





































where the mass parameter µ is introduced to keep the gauge couplings g and e di-
mensionless in n dimensions. Choosing the CMS defined in Eq. (3.6) and considering
the relations between the J/Ψ four-momenta and the Mandelstam variables:











∣∣∣∣ = 12s pJ/Ψ , (3.15)
we get for the 2 → 2 phase space d PS2 the following expression













































3.1.3 Hadronic cross section
We use the Weizsa¨cker-Williams approximation (WWA) [34] for the bremsstrahlung pho-




















where fγ/e(x±) is the equivalent number of transverse photons radiated by the initial-
state positrons and electrons [35], x = Eγ/Ee is the fraction of energy transferred from
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the electron to the photon, Q2max = E
2
e (1− x)θ2max is the photon maximal virtuality, and
θmax is the angular cut that ensures the photon is real. Considering in addition to the
WWA, factorization theorems of the QCD parton model [30] and the NRQCD factoriza-
tion approach [1], the differential cross section of a process like e+e− → e+e−H +X can
be written as follows

















where fa/γ(xa,M) are the PDFs of the photon, 〈OH [n]〉 are the OMEs of the H me-
son listed in Table 3.1 and dσˆ(ab → cc¯[n] + d) are the differential partonic cross sec-
tions discussed in the last Section. The integrals are over the longitudinal-momentum
fractions of the emitted particles with respect to the emitting ones, and the sums are












J if H = J/Ψ,Ψ





1 if H = χcJ , where J = 0, 1, 2.
With the definition
fγ/γ(xγ ,M) = δ(1− xγ), (3.20)
Eq. (3.19) accommodates the direct, single-resolved, and double-resolved channels. The
presence of parton d is to ensure that pT can take finite values; if it were absent, then
pT would essentially be zero and it would describe a 2 → 1 process. With all these
specifications, Eq. (3.19) is quite general, and it accounts for hadronic cross sections for
all kinds of LO processes in e+e− collisions. This formula can also be written in a very
similar form with the formula for the hadronic cross section in ep or pp¯ collisions, and this
is useful for making a corroboration of the behaviours seen at HERA (ep) and Tevatron
(pp¯) colliders, and establishing whether there is a dominant CO contribution in J/Ψ
production.





































The Fa/e(za) coincides with fγ/e(za) for unresolved photons. Introducing these notations
in Eq. (3.19), we have














Hence modulo the difference in parton densities, the production rate at LEP2 in the
single-resolved channel should reflect the behaviour seen at HERA and the double-resolved
channel that was observed at Tevatron. Experimentally, the resolved and direct processes
have a very different topology and they can be easily distinguished. For instance, single-
resolved processes have an extra spectator jet occurring when a coloured parton of the
photon interacts directly in the hard scattering rather than in the direct processes that
involve only colour-singlet photons in the initial states. Usually this jet is in the same
direction as the parent photon. Double-resolved processes, where both photons interact
through their coloured partons in the hard scattering, will have two such jets.
Limits of integration for the hadronic cross sections
In the next three sections we discuss in detail the J/Ψ production in all kinds of processes
at LO. Because in some cases the formulae are rather long we do not give their explicit
analytical form, but show some plots to explain their behaviour and to make some remarks
about the features that might be observed at an e+e− collider. For this purpose, we
introduce in addition with the above notations the total hadronic center-of-mass energy
SH , and the transverse momenta and rapidity of the J/Ψ, with the notations pT and y,
respectively, and the same parameters for the associated particle X (if it is produced).











PJ/Ψ = (mT cosh y, pT cos φ, pT sinφ,mT sinh y),
k3 = (p
1




T sin φ1, p
1
T sinh y1). (3.24)
Using energy-momentum conservation we furthermore get
pT cosφ = p
1
T cosφ1,























= mT sinh y + p
1
T sinh y1. (3.25)
The Mandelstam variables can be expressed in terms of the new parameters as





















d p1Td y1d φ1 for a massless particle. (3.27)
Using the above relations and Eq. (3.23) together with Eq. (3.21), we obtain the differential
hadronic cross section as follows:





















For a given value of
√
SH , the accessible phase space is defined by






























mT exp−y + p1T exp−y1√
SH
. (3.30)
All numerical analyses shown in this Chapter have been done using the same input pa-
rameters. In particular, we have used mc = 1.5 GeV, α = 1/137.036, and evaluate αs at
LO taking nf = 3 active quark flavours, with the renormalization and factorization scale
µ = ξµmT and M = ξMmT , respectively, with the default values ξµ = ξM = 1. As for
the photon PDFs, we use the LO set from Glu¨ck-Reya-Schienbein [36], which is the only
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available one implemented in the fixed-flavour-number scheme, with nf = 3.
For the default operator matrix elements (OMEs) 〈OH〉 we have adopted the set deter-
mined in Ref. [13] by fitting the Tevatron data Ref. [6] using the LO proton PDFs from
Martin-Roberts-Stirling-Throne (MRST98LO). We have employed Λ
(3)
QCD = 204 MeV,
which corresponds to Λ
(4)
QCD = 174 MeV, in order to conform with the fit [13]. Inciden-
tally, the GRS photon PDFs are also implemented with Λ
(3)
QCD = 204 MeV [36]. The
results for 〈OJ/Ψ[1S [8]0 ]〉 and 〈OJ/Ψ[3P [8]J ]〉 are strongly correlated, and it is known only the
linear combination
MJ/ψr = 〈Oψ[1S [8]0 ]〉+
r
m2c
〈Oψ[3P [8]0 ]〉. (3.31)
As default, we choose a democratic split 〈Oψ[1S [8]0 ]〉 = rm2c 〈O
ψ[3P
[8]
0 ]〉 = MJ/ψr /2 and the
heavy quark spin symmetry relations :
〈Oψ[3P [8]J ]〉 = (2 J + 1)〈Oψ[3P [8]0 ]〉. (3.32)
3.2 Direct processes
We consider further LO J/Ψ production at e+e− collisions, namely processes like
e+e− → e+e−J/Ψ +X. If the associated jet or photon described by X is absent we have
the 2 → 1 process and the J/Ψ transverse momentum vanishes. If X denotes at LO only
one parton, then we define the 2 → 2 process, etc.
Let us start with the analysis of the direct channel. As we have already discussed, in
such a process both photons behave as point-like particles. Fig. 3.2 describes the J/Ψ
production in such processes, at the hadronic level. For the partonic level we should look
at the corresponding Feynman diagrams.
• For 2 → 1 processes like γγ → cc¯[n], the subsequent Feynman diagrams are shown






J = 0, 2 (Furry’s theorem). In processes like
γγ → χc0(3P [1]0 ) or γγ → χc2(3P [1]2 ) [37, 38, 39] ,
higher charmonium states are produced, that can radiate a soft photon and reach a
lighter state, for instance J/Ψ, with the branching fractions
Br(χc0 → J/Ψ + γ) = (0.66 ± 0.18)%, and Br(χc2 → J/Ψ + γ) = (13.5 ± 1.1)%.
NRQCD predicts for the P -wave OMEs a suppression of order v2. We can conclude
that there is no direct J/Ψ production in 2 → 1 processes. The probability for indi-















Figure 3.1: Diagrammatic representation of J/Ψ production in e+e− collisions, when only











γ γ → c c
Figure 3.2: Feynman diagrams for γγ → cc¯.
a theoretical point of view, because they provide the tool for the renormalization of
the OMEs involved at NLO.
• In 2 → 2 processes like γγ → cc¯+X, where X = g, γ the possible cc¯ final states are
γγ → cc¯[3S [1]1 ] + γ ,
γγ → cc¯[1P [1]1 ] + γ [40, 41, 33, 42], and
γγ → cc¯[3S [8]1 ] + g ,
γγ → cc¯[1P [8]1 ] + g [40, 41, 33, 42].
Their corresponding Feynman graphs are shown in Fig. 3.3.
We give below the partonic cross sections for the 3S1 states, computed in n = 4− 2







































































































γ γ → c c g



























√S = 189 GeV
−2 < yJ/ψ < 2
γγ → 3S1 
[8]
 + γ




Figure 3.4: Transverse-momentum distribution d σ/d pT , integrated over rapidity inter-
val |y| ≤ 2, of the γγ → J/Ψ + X, via bremsstrahlung at LEP2. The contribution







(2− 5)stu(s+ t+ u) + 2(1− )2(s2t2 + s2u2 + t2u2)
(s+ t)2(s+ u)2(t + u)2
, (3.33)
where Qc = 2/3 andM/2 = mc are the fractional electric charge and the mass of the charm
quark, respectively, s, t, and u are the Mandelstam variables. The prefactor 1/(4(1− )2)
stems from the average over the photon polarization, Nc = 3, CF = (N
2
c − 1)/(2Nc), and
34
ee → J/ψ + X at LEP2 (Bremsstr.)
ee → J/ψ + g, 3S1[8]
ee → J/ψ + γ, 3S1[1]
sum
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Figure 3.5: Rapidity distribution dσ/dy, integrated over the transverse-momentum inter-
val 2〈pT 〈12 GeV, of γγ → J/ψ+X, where X represents a gluon jet or a prompt photon,
via bremsstrahlung at LEP2. The contributions corresponding to these two final states





























The process with a photon in the final state is suppressed by the electromagnetic
coupling α. A cc¯ pair in 3S
[8]
1 state can hadronize into a J/Ψ through two successive
electric (E1) transitions that translate into a suppression of order v
4. Since the NRQCD
velocity scaling rules are only qualitative, we need the values of the operators extracted
from the experimental data to get the final prediction for each of the processes. As can
be seen from Fig. 3.4, where the J/Ψ transverse momentum distribution in direct two-
photon collisions is shown, the production rate from a 3S
[1]
1 state is almost an order of
magnitude larger than that from a 3S
[8]
1 state, and this is due to the very small ratio
〈O8[3S1]〉/〈O1[3S1]〉 ' 10−3 that obviously cannot be compensated by αs/α. We conclude
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that in direct two photon collisions the production of J/Ψ and a prompt γ is the dominant
process.
In Fig. 3.5 we present the distribution in rapidity of the J/Ψ meson for γγ → J/Ψ+X,
where X represents a gluon jet (dot-dashed lines) or a prompt photon (dashed lines). The
solid lines refer to the sum of the contributions. Since we assumed the same experimental
set-up for the electron and positron beams, the rapidity distribution displayed are all
symmetric about y = 0. Non-vanishing cross sections also have processes like
γγ → cc¯[1P [1]1 ]+γ or like γγ → cc¯[1P [8]1 ]+g, but the values for the OMEs are very small
and they have not yet been observed experimentally. But they present IR-divergences,
and in this limit they factorize with the cross section of the process γγ → cc¯[1S [1]0 ] and
the corresponding 1/IR pole. In the infrared limit, they are just 2 → 1 processes with a
radiated soft gluon or photon. The infrared pole will be absorbed into the renormalization
of the 1S
[8]
0 operator ME. The exact cancellation of the divergences can be simply deduced
from relations given in App. B.
3.3 Single-resolved processes
We consider now the processes where a photon behaves as a point-like particle and the
other one enters into interactions through its gluon and quark constituents. Fig. 3.6 shows
the single-resolved J/Ψ production at the hadronic level, and as can be seen an additional
spectator jet is produced. If this additional parton to the cc¯ pair is absent, we get the
2 → 1 processes, otherwise we recover the 2 → 2 processes.
• At the partonic level, in the 2 → 1 processes like γg → cc¯[8], the cc¯ pair can be
produced in the following states
γg → cc¯[1S [8]0 ],
γg → cc¯[3P [8]0 ],
γg → cc¯[3P [8]2 ] [37, 38, 39].
Their corresponding Feynman diagrams are similar to those shown in Fig. 3.2, with
one of the initial photons replaced with a gluon.
In these processes, only colour-octet states can be produced. They are obviously only
intermediate states and they radiate soft gluons in the hadronization process. These
higher Fock states will reach a J/Ψ hadronic state via a magnetic (M1) transition in
the case of 1S
[8]
0 ,or via an electric (E1) transition in the case of
3P
[8]
J . To make a correct
estimate of the size of the production rates, we should take into account the velocity-











Figure 3.6: Diagrammatic representation of the J/Ψ production at the hadronic level, in
e+e− collisions, when only the single-resolved partonic process is considered.
involved, the probability that a colour-octet 1S0 state hadronizes into a J/Ψ-state scales
with the same power of v, namely v4, as those for the colour-octet 3Pj states.
• In the 2 → 2 processes like γγ → cc¯[n] + X, the cc¯ pair can be produced both in
colour-singlet and colour-octet states as
γg → cc¯[3S [1]1 ] + g [2] ,
γg → cc¯[1P [1,8]1 ] + g,
γg → cc¯[3S [8]1 ] + γ [43, 44],
γg → cc¯[1P [8]1 ] + γ,
γg → cc¯[8] + g and
γq → cc¯[8] + q, where [8] = 3S [8]1 , 1S [8]0 , 3P [8]J , with J = 0, 1, 2 [11, 37, 38].
The Feynman diagrams corresponding to processes like γg → cc¯[n] + g are shown in
Fig. 3.7, together with the diagrams involving the subsequent Fadeev-Popov ghosts. The
Feynman diagrams for processes like γg → cc¯[n] + γ are very similar to those shown in
Fig. 3.3, with the obvious replacement of an initial photon with a gluon. Fig. 3.8 shows
the Feynman diagrams for the case of a quark as a constituent of the photon. Except
for the cross sections of the processes γg → cc¯[3S [1,8]1 ] + g, which can be obtained from































































































γ u g → c c u g
Figure 3.7: Feynman diagrams for the process γg → cc¯[n] + g.
the subsequent formulae for the other processes are rather long and we do not give their
explicit expressions. We have analytically calculated the cross sections of all these LO
process and compared our results with the literature. We show transverse-momentum
distributions for some of them, in order to get their main behaviour.
In processes like γg → cc¯+ g, both colour-singlet and colour-octet states can be pro-
duced. It is important to note that, for the single-resolved processes, only those producing
3S
[1,8]
1 states remain finite in the limit of vanishing transverse momentum pT → 0. The
2 → 2 processes producing 1S [8]0 , 3P [8]J suffer from infrared- and collinear-divergences. In
fact, these 2 → 2 processes at pT → 0 are just 2 → 1 processes with a soft-collinear
emission. Processes like γg → 3P [8]J + g or γg → 1S [8]0 + g involve the splitting of the initial
gluon into two gluons. In the soft-collinear limit, their cross sections factorize into the
gluon splitting function and the cross section of the subsequent 2 → 1 process. In a full
NLO analysis, these singularities would be factorized at a scale M and absorbed into the



























γ d → c c d





























√S = 189 GeV






































√S = 189 GeV









Figure 3.9: Transverse-momentum distribution d σ/d pT , integrated over the rapidity
interval |y| ≤ 2., of γg → cc¯[n] + g and γq → cc¯[n] + q, via bremsstrahlung at LEP2.
The contributions due to various channels are shown separately. Also the contributions
due to different partons are shown separately on the left-hand side and their sum on the
right-hand side.
If the photon participates at the hard scattering through its light quarks q = d, u, s,
then only colour-octet 1S0,
3PJ states can be produced. All 2 → 2 processes are in
this case infrared- and collinear-divergent. Here there are no corresponding 2 → 1 LO
processes. However the J/Ψ is produced by the fragmentation of a gluon. The soft-
collinear divergences must therefore be absorbed into the fragmentation functions in this
case.
Also processes like γg → cc¯[1P [8]1 ] + g are affected by infrared-singularities and these
will be absorbed into the renormalization of the 1S
[8]
0 matrix element. Namely, in the
IR-limit the cross section for this process factorizes like:






d σ(γg → cc¯[1S [8]0 ]) (3.36)
which is exactly canceled by the order αS NRQCD corrections for the 〈O8[1S0]〉 [see
Eq. B.29]. There is also a finite remainder from this renormalization procedure, which
is proportional to 〈O8[1P1]〉. The same set of arguments are true also for 1P [1]1 states,
with the corresponding colour prefactor replacement BF → CF . In Fig. 3.9 we present








J . In the left-
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hand side figure, the solid lines correspond to the gluon contributions and the dotted lines
to the quark contributions. In the right-hand side figure we show the sum of the gluon and







very similar. The slopes of CS and CO 3S1 are very different from these. This behaviour
is well known and has been used to extract the OMEs from CDF-Tevatron data. The
contribution involving the linear combination




is separated from that of the 3S1 terms.
The gluon as well as the quark contributions are very much dependent on the chosen
parametrization for the parton densities. In the above figures, we have used our default
settings, namely GRS-parametrization for the photon PDFs. As a general remark, the
gluon contribution decreases more rapid by with increasing pT due to the gluon PDF
behaviour.
We also have not included in Fig. 3.9 the contribution due to prompt photon produc-
tion. It was shown for the direct case where it is dominant. There are two reasons for
this exclusion: one is that they are rather small and do not change the overall behaviour,
the other one is that in the last Section, where a direct comparison with DELPHI-data
is shown, they have to be excluded due to experimental settings.
3.4 Double-resolved processes
We have defined the double-resolved processes in the first Section of this Chapter. A
representation of these types of interactions in e+e− collisions at the hadronic level is
shown in Fig. 3.10. As before, we divide the analysis in two parts.
• At the partonic level, in the 2 → 1 processes, the cc¯ pair can be produced as
gg → cc¯[1S [1,8]0 ] ,
gg → cc¯[3P [1,8]J ] with J = 0, 1, 2 [see Ref. [15, 5]],
qq¯ → cc¯[3S [8]1 ] [see Ref. [15, 5]].
The corresponding Feynman graphs are shown in Figs 3.11 and 3.12. For processes like
gg → cc¯ we should include also Fadeev-Popov ghosts, and the partonic cross sections are
then obtained by subtracting the ghost contributions from the gluon contributions.
• In double-resolved 2 → 2 processes all possible cc¯ final states can be produced:












Figure 3.10: Diagrammatic representation of the J/Ψ production at the hadronic level,

























u g u g → c c










d d → c c
Figure 3.12: Feynman graphs corresponding to partonic processes like qq¯ → cc¯[n].
gg → cc¯[3P [1]J ] + g [see Ref. [24]],
gg → cc¯[8] + g where [8] = 3S [8]1 , 1S [8]0 , 3P [8]J [see Ref. [11, 5]],
gg → cc¯[3S [1]1 ] + γ , gg → cc¯[3P [1]J ] + γ [see Ref. [44]],

































































































































u g u g → c c g


































g d → c c d
Figure 3.14: Feynman graphs for the partonic process gq → cc¯ + q.
gq → cc¯[3P [1]J ] + q [see Ref. [3]],
gq → cc¯[8] + q [see Ref. [11, 5]],
qq¯ → cc¯[3P [1]J ] + g [see Ref. [3]],
qq¯ → cc¯[8] + g [see Ref. [11, 5]].
The corresponding Feynman graphs are shown in Figs 3.13, 3.14 and 3.15. For the process
gg → cc¯+ g, we have not shown the graphs that differ from those already exhibited only
by the fermionic flow on the charm quark (anti-quark) lines or ghost (anti-ghost) lines.
For the processes like gq → cc¯q, we do not show the diagrams obtained by reversing
the fermionic flow for the light quark lines, which would describe the equivalent process
with an anti-quark initiating parton. For the same reasons that we have mentioned in
the last Section, we do not present specific contributions for processes where a prompt
photon is produced. As in the case of single-resolved processes, to get the full double-































d d → c c g





























√S = 189 GeV









Figure 3.16: Transverse-momentum distribution dσ/dpT , integrated over the rapidity
interval |y| ≤ 2, of the double-resolved contribution, via bremsstrahlung at LEP2. The
individual contributions due to various channels are shown separately.
possible interactions between partonic constituents of each of the two photons, namely
gg, gq, qg, qq¯. Also for processes like gg → cc¯+ g, the Fadeev-Popov ghost contributions
should be subtracted from the pure gluon-gluon contributions.
The subprocess cross sections for double-resolved processes are the same as those for
pp¯ collisions, since the parton content of both photons is resolved in this case. With the
exception of the S-wave production, the corresponding cross sections have large analytical
formulae and we shall not present them explicitly. We show in Fig. 3.16 the transverse-
momentum distributions for the individual channels. This provides us with information
43
about their hierarchy and their behaviours in different kinematical regions. As in the








J states exhibit infrared-collinear divergences. As we have already discussed, some
of these singularities would be absorbed into the photon PDFs renormalization, and the
remaining ones into the NRQCD operator renormalization. The subsequent cross section
for the production of the 3S
[1]
1 is again finite in the limit pT → 0.
In the double-resolved processes, it turns out that the 3S
[8]
1 term is dominant at large






at low pT . We should notice that the CO contribution is much larger than the CS
term, as it was also in the single-resolved case. Hence, even if the CO matrix elements
were overestimated in the extraction from Tevatron data, the CO contribution is still
substantial. In the next Section we shall see that the CO contribution is indispensable in
explaining the experimental data recorded at LEP2 with the DELPHI detector.
We should also notice that the NRQCD factorization in the small pT region might be
affected by large higher twist corrections. At low pT , higher twist effects are induced by
the interaction of the heavy-quark and anti-quark pair with the forward jets [27]. The
effects of these phenomena as well as the diffractive processes are beyond the scope of this
work.
3.5 Comparison with DELPHI data
Very recently, the DELPHI Collaboration has presented preliminary data on the inclusive
cross section of J/ψ photoproduction in γγ collisions (e+e− → e+e−J/ψ +X) at CERN
LEP2, taken as a function of the J/ψ transverse momentum (pT ) [8]. The J/ψ mesons were
identified through their decays to µ+µ− pairs, and events where the system X contains
a prompt photon were suppressed by requiring that at least four charged tracks were
reconstructed. The luminosity-weighted average e+e− center-of-mass (c.m.) energy was√
s = 197 GeV, the scattered positrons and electrons were anti-tagged, with maximum
angle θmax = 32 mrad, and the γγ c.m. energy was constrained to be W ≤ 35 GeV in
order to reject the major part of the non-two-photon events. The total cross section was
found to be σ(e+e− → e+e−J/ψ +X) = (45.3± 18.8) pb.
In this Section, we confront this data with up-to-date theoretical predictions based on
NRQCD and the CSM, in order to find out if it is able to discriminate between the two.
In want of the full next-to-leading-order (NLO) corrections, it is indispensable to perform
a comprehensive and conservative analysis of the theoretical uncertainties. Doing this,
we shall find that this data clearly favours the NRQCD prediction, while the CSM one
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significantly falls short of it.
In γγ collisions, J/ψ mesons can be produced directly, or via radiative or hadronic
decays of heavier charmonia, such as χcJ and ψ
′ mesons, or via weak decays of b hadrons.
The respective decay branching fractions are B(χc0 → J/ψ+γ) = (0.66±0.18)%, B(χc1 →
J/ψ+γ) = (27.3± 1.6)%, B(χc2 → J/ψ+γ) = (13.5± 1.1)%, B(ψ′ → J/ψ+X) = (55±
5)%, and B(B → J/ψ+X) = (1.16± 0.10)% [45]. The OPAL Collaboration has recently
measured the total cross section of open-bottom production in γγ collisions at LEP2,
under similar kinematic conditions as DELPHI [8] (
√
s = 194 GeV, θmax = 33 mrad, and
10 ≤ W ≤ 60 GeV), to be σ(e+e− → e+e−bb + X) = (14.2 ± 5.9) pb [46]. The cross
section for J/ψ mesons from b-hadron decays may thus be estimated to be (0.33±0.14) pb,
which is less than 1% of the total J/ψ cross section measured by DELPHI and can be
safely neglected. The cross sections of the four residual indirect production channels may
be approximated by multiplying the direct-production cross sections of the respective
intermediate charmonia with their decay branching fractions to J/ψ mesons.
We have discussed in the previous Sections about all contributing partonic subprocesses.
A data-theory comparison accounts for all three types of processes: direct, single- and
double-resolved. As can be seen from Figs 3.4, 3.9 and 3.16, the single-resolved channel
is dominant. Taking the total cross section as a reference quantity, the direct, single-
resolved, and double-resolved channels account for 1%, 98%, and 1% of the NRQCD
prediction respectively. The situation is very similar for the CSM, except that direct
photoproduction is forbidden at LO.
In our numerical analysis, we use as default input parameters the same settings as those
discussed in the Section 3.1. In order to get an estimate of the theoretical uncertainties,
we vary the scale parameters ξµ and ξM between 1/2 and 2 about the default value
1. We describe the sensitivity to the operator MEs, taking for comparison their values
determined by fitting Tevatron-data using LO proton PDFs from CTEQ Collaboration
[48].
In the cases ψ = J/ψ, ψ′, the fit results for 〈Oψ[1S [8]0 ]〉 and 〈Oψ[3P [8]0 ]〉 are strongly
correlated, and one is only sensitive to the linear combination M Jψr Eq. (3.31) with an ap-
propriate value of r . Since the cross sections are sensitive to a different linear combination
of 〈Oψ[1S [8]0 ]〉 and 〈Oψ[3P [8]0 ]〉 which is shown in Eq. (3.31), we write 〈Oψ[1S [8]0 ]〉 = κMJψr
and 〈Oψ[3P [8]0 ]〉 = (1−κ) (m2c/r)MJψr and vary κ between 0 and 1 about the default value
1/2.
In order to estimate the theoretical uncertainties in our predictions, we vary the unphys-
ical parameters ξµ, ξM , and κ as indicated above, take into account the experimental
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Figure 3.17: The cross section dσ/dp2T of e
+e− → e+e−J/ψ+X measured by DELPHI [8]
as a function of p2T is compared with the theoretical predictions of NRQCD and the CSM.
The solid and dashed lines represent the central predictions obtained with the ME sets
referring to the MRST98LO [47] (default) and CTEQ5L [48] PDFs, respectively, while the
shaded bands indicate the theoretical uncertainties on the default predictions. The arrows













default ME set to the CTEQ5L one, properly adjusting Λ
(3)
QCD. We then combine the
individual shifts in quadrature, allowing for the upper and lower half-errors to be differ-
ent. In Fig. 3.17, we confront the p2T distribution of e
+e− → e+e−J/ψ +X measured by
DELPHI [8] with our NRQCD and CSM predictions. The solid lines and shaded bands
represent the central results, evaluated with our default settings, and their uncertainties,
respectively. We observe that the DELPHI data clearly favours the NRQCD prediction,
while it significantly overshoots the CSM one.
This is even more apparent from the data-over-theory representations shown in Fig. 3.18.
This qualitative observation can be substantiated by considering the χ2 values for the
N = 9 data points with p2T ≥ 0.25 GeV2. In fact, the NRQCD central prediction
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Figure 3.18: Data-over-theory representation of Fig. 3.17.
ation is very similar for the MEs pertinent to the CTEQ5L PDFs (dashed lines), the
corresponding results being 0.62 and 1.76, respectively. As for the integral over the range
1 ≤ p2T ≤ 10 GeV2, the DELPHI, NRQCD, and CSM results read (6.4±2.0) pb, 4.7+1.9−1.2 pb,
and 0.39+0.16
−0.09
pb, respectively, i.e., the DELPHI measurement and the NRQCD predic-
tion mutually agree within errors, while the CSM prediction falls significantly short of the
DELPHI result, by a factor of 16 as far as the central values are concerned.
In NRQCD, 91% of the J/ψ mesons are directly produced, while 9% stem from the
decays of χcJ and ψ
′ mesons. In the CSM, direct production happens less frequently, in
77% of all cases. As explained above, the contribution from b-hadron decays is negligible.
Consequently, the ratio of direct and indirect lends itself as a useful discriminator between
NRQCD and the CSM, and it would be desirable to measure it in γγ collisions.
In NRQCD, the most important error sources include the variations of ξµ, mc, and κ,
which, in average, make up 55%, 24%, and 11% of the total error squared, (δ↑σ)
2 +(δ↓σ)
2,
respectively. In the CSM, the largest errors are related to ξµ (59%), mc (30%), and ξM
(7%).
It is generally believed that the magnitude of unknown higher-order corrections may be
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estimated by scale variations of the known results. For the single-resolved channel, which
greatly dominates our results, the NLO corrections in the CSM are known to be moderate




In this Chapter we consider virtual corrections to the processes γγ → cc¯[n] + γ and
γγ → cc¯[n] + g. Virtual corrections of order α3αs or α2α2s come from the interference of
the Born amplitudes with the virtual diagrams. At this order of accuracy, these are one-
loop diagrams. They contain IR-, UV- and Coulomb-singularities. The UV-divergences
are removed by renormalization (redefinition of the fields and parameters of the bare
Lagrangian) of the charm-quark mass, gluon field, quark fields and the strong-coupling
constant. IR-singularities cancel in the sum of virtual and real corrections. This is
guaranteed by the Bloch-Nordsieck and Kinoshita-Lee-Nauenberg (KLN) theorems [49,
28]. Real corrections also contain another type of singularities, called collinear or mass
singularities, which will be dealt with by the mass factorization procedure. Basically this
amounts to a redefinition of the parton densities of the incoming hadrons.
For the regularization of all these singularities we have used dimensional-regularization
with n = 4 − 2. As is well known, this regularization scheme preserves the gauge and
Poincare´ invariance but it breaks down the scale invariance. The simplest prescription






thereby explicitly introducing the scale invariance breaking parameter µ, arbitrary chosen
and with the dimension of [Mass]. As a direct consequence, all singularities arise as poles
like 1/ or 1/2. When a IR- and a collinear singularity occur at the same kinematical
point, we get a double pole. Therefore we have to compute all diagrams up to order 2.
In our computation we will also encounter Coulomb-singularities. These arise when a
longitudinal gluon is exchanged between the external heavy quark and and anti-quark legs.
These can be regularized either with a small mass given to the gluon, or by introducing
a small relative velocity between the heavy quark and anti-quark. Depending on the
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regularization scheme, the Coulomb-singularities appear as 1/mg or as 1/v terms in the
final result. These are eliminated after considering radiative corrections to the OME
within NRQCD, as we discussed in Chapter 2.
4.1 Renormalization scheme
The idea of renormalization is to calculate physical quantities with bare parameters that
are divergent. These parameters are then renormalized, leading to a finite result for
the physical quantities. This remarkable feature is called renormalizability and was first
proven by ’t Hooft [50, 51] for the non-Abelian gauge theories.
The bare parameters and fields are expressed in terms of the renormalized parameters
and fields by means of the renormalization transformations
• gluon field renormalization : A0µ =
√
Z3Aµ,
• quark field renormalization: Ψ0Q =
√
Z2ΨQ,
• mass renormalization: m0Q = ZmmQ,
• coupling renormalization : g0s = Zggs,
where the bare quantities are labeled by a superscript 0. The quantities Zi = 1 + δZi,
with i = 2, 3, m, g, are called renormalization constants and contain UV-divergences. The
divergences are unique, but there is a freedom in choosing the finite part that is shifted
into the renormalization constants. This choice defines the renormalization scheme.
We have used the On-shell [52, 53] prescription to fix the renormalized mass at the
pole mass for the heavy quark flavour present in the computations. As compared to the
MS mass, the pole mass is independent of the scheme, the renormalization scale, and the
gauge parameter. Thus it is a ’good’ mass parameter to be used.
















where Z1, Z1h, Z1f , Z4 are triple-gluon vertex, triple gluon-ghost vertex, quark-gluon
vertex and four-gluon vertex renormalization constants [see i.e. Ref. [55]]. This identity
is valid only if we have assumed the universality of the renormalized coupling gs, and
hence there is only one Zg. A violation of this identity would amount to breaking the
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Figure 4.1: Generic Feynman diagram for the one-loop quark self-energy.
We wish to have nlf = 3 light quark active flavours (u,d,s) in the running strong
coupling constant αs. We do not consider further heavy-quark loop contributions to
virtual corrections, as well as the splitting of the final gluon into a heavy quark and anti-
quark pair in real corrections. If we chose nlf = 4 active flavours, we should also take
into account charm-quark contributions in virtual and real corrections. However, after
decoupling of mc, they are suppressed by (1/mc) relative to light quark contributions
[56]. Since in the development of NRQCD, (1/mc) is considered as a Taylor expansion
parameter, and we have truncated the series at the first two terms, we neglect charm
quark and anti-quark contributions in the NLO corrections.
4.1.1 Heavy-quark self-energy
The unnormalized quark self energy can be computed using the Feynman diagram shown
in Fig. 4.1 as follows:













(2− n)(6k+ 6q) + nm

















(x2 − x) + x] . (4.3)
The renormalized quark self-energy is obtained from the unrenormalized quark self-energy,
by introducing the corresponding counterterm δZm for the quark mass renormalization
and the counterterm δZ2 for the renormalization of the quark wave function:
Σq(6k,m) = δij[Am +B(6k −m)],
Σc(6k,m) = −δij [(Z2 − 1) 6k − (Z2Zm − 1)m],
ΣqR(6k,m) = Σq(6k,m) + Σc(6k,m) = δij[(A+ δZm)m+ (B − δZ2)(6k −m)]. (4.4)
The renormalized quark self-energy has to be UV-finite. In the on-shell renormalization
scheme the renormalization conditions for the quark self-energy are




R(6k)| 6k=m = 0. (4.6)
From these conditions one gets further










































































































− γE + ln(4pi). (4.12)
Including the renormalized parameters and fields, one obtains the renormalized Green
functions G
(n)
R (p1, · · · , pn), and the renormalized vertex functions Γ(n)R (p1, · · · , pn), which
are the renormalized one-particle irreducible n-point functions. The renormalized two-
point function Γ
(2)
R is the inverse of the propagator up to a factor
Γ
(2)
R (p,−p)G(2)R (p,−p) = −1. (4.13)
The on-shell renormalization conditions ensure that the real parts of the poles of the
propagators are given by the mass parameters of the Lagrangian and therefore they are

















Figure 4.2: Generic Feynman diagrams contributing to the gluon self energy.
residue equal to unity. The propagator residues appear as Z-factors in the Lehman-
Symanzik-Zimmerman (LSZ) [57] reduction formula, which describes the transition from
Green functions to the S-matrix. Requiring the residues to be unity, implies that no
radiative corrections for external lines have to be taken into account.
4.1.2 Gluon self-energy
To calculate the gluon field renormalization constant, one should add the contributions
originating from the gluon-loop together with the corresponding ghost-loop, and the
massless-quark loop. Note that in dimensional regularization the diagrams involving a
four-gluon vertex vanish. The corresponding Feynman diagrams are shown in Fig. 4.2.
We know the Lorentz structure of these contributions due to the Slavnov-Taylor identity
Πabµν(k) = δ
ab(kµkν − k2gµν)Π(k2), (4.14)
δabΠ(k2) = − 1
(n− 1)k2g
µνΠabµν(k). (4.15)
The renormalized gluon self-energy is obtained by summing the unrenormalized gluon
self-energy with the corresponding gluon field renormalization constants
ΠRµν(k) = δ
ab(kµkν − k2gµν)Π(k2) + δab(kµkν − k2gµν)δZ3. (4.16)
The renormalization condition for the gluon-self energy in the On-shell scheme is
Re Π(k2)|k2=0 = 0, (4.17)
and it leads to
δZOS3 = −( Πg,gluonR (k2 = 0) + Πg,ghostR (k2 = 0) + nlfΠg,qR (k2 = 0, m = 0) ), (4.18)
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where we consider nlf = 3 light active flavours. The renormalization constants given
above do not only contain the UV-divergences necessary to render the two-point functions
UV-finite, but also the IR-divergences.
We shall calculate further only Π(k2). Note that we should treat the gluon and the
ghost loop together since only their sum verifies the Slavnov-Taylor identity. We must
also multiply the loop with two identical particles by 1/2! and (−1) due to the boson and
the fermion statistics respectively:





























where the expression for B0(0, 0, 0) is given in Eq. (C.5). For massless quark loops, the
calculation is very similar to that for gluon loops:
δabΠ(k2)g;q = −4ig2sµ2Tr[T aT b]
∫ dnq
(2pi)n
Tr[γmu(6q +mq)γµ(6q+ 6k +mq)]


















Adding all contributions and taking into account that there are nlf light quark active















where we have introduced β0 = 11− 2nlf/3.
4.1.3 Strong coupling constant renormalization
We have used the modified Minimal Subtraction ( MS) scheme to renormalize the strong
coupling constant. In this scheme the renormalization constants contain divergences and
some accompanying terms but no other process dependent finite terms.
Using the Slavnov-Taylor identity (4.2), we obtain further the renormalization constant












In the definition of the renormalized strong coupling constant, g0s = Zggs, we have to
employ dimensional-regularization in order to make the equation mathematically mean-
ingful. Then the bare and the renormalized coupling constant acquire mass dimensions.














gs are dimensionless quantities and they do not depend on the scales. The
mass scale µ0 is seen as a fixed parameter, while the mass parameter µ is in fact identified
with the renormalization scale in MS scheme. With the usual argument that the bare





and the relation between bare and renormalized strong coupling constants,
(g0s)
2 = (1 + 2δZg)g
2
s +O(g6s), (4.26)

















This relation ensures that in the running strong coupling, only the nlf = 3 light flavours
contribute .
When summing all orders of the perturbation theory, the result is independent of
the artificially introduced renormalization scheme. In practice, one truncates the series
expansion at an order k which leads to a dependence on the renormalization scale of order
k + 1. The remaining renormalization-scale dependence quantifies part of the theoretical
uncertainties caused by the unknown HO corrections. Such a technique was used in
Chapter 3, where an estimate of the theoretical errors was explicitly performed.
4.2 Virtual corrections to γγ → cc¯[ 3S[1]1 ] + γ
In Chapter 3, we studied for the direct channel two different LO processes: one contains










































































































































































































γ γ → c c γ
Figure 4.3: Self-energy type Feynman diagrams for virtual corrections to γγ → cc¯ + γ.
originating). In this section we study virtual corrections for each of these processes.
In the next Chapter, real corrections are also analyzed in order to complete the NLO
contributions. NRQCD provides a consistent framework in which to study these processes,
but also requires an interplay between processes with different quantum numbers for the
outgoing cc¯ bound states. The virtual cross section can be calculated using the same
expression for the phase space as for the born cross section, since there is no additional


















Since at LO γγ → J/Ψ+γ can produce only charmonium in the 3S [1]1 and 1P [1]0 states,
we restrict our virtual corrections to the first case due to the fact that 〈O[1P [1]0 ]〉 is highly
suppressed by velocity-scaling rules.
The corresponding Feynman diagrams for virtual corrections to the process
γγ → cc¯[3S [1]1 ] + γ can be collected into five classes as follows
• 12 diagrams which contain self-energy insertions in the internal quark propagators.
Two examples from this class are shown in Fig. 4.3. Their interference with the
born terms reveal UV-divergences, present in the two-point functions involved, and
are IR-finite since the charm quark and anti-quark are considered massive. Note
that for external legs we have introduced the quark wave function renormalization.
• 18 diagrams of the quark-photon vertex corrections type, shown in Fig. 4.4. They
are UV-divergent and IR-finite .
• 8 + 4 Abelian box diagrams. Two examples are shown in Fig. 4.5. They are UV-
and IR- finite.
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• 6 pentagon-like diagrams that contain only Abelian vertices, shown in Fig. 4.6.
We call them Abelian pentagon diagrams, and the five-point functions required
in their computation are called Abelian five-point functions. They are UV-finite
and IR- and Coulomb-divergent. Their calculation requires up to five-point scalar
and tensor integrals. Since the five-point integrals are not yet implemented in an
automatic package we have discussed them in detail in App. C.1.
• 8nlf + 4nlf vertex-type and 6nlf box-type diagrams containing light quark loops
shown in Fig. 4.7. They do not give any contribution to the virtual corrections of



















































































































































































































































































































































































































γ γ → c c γ
Figure 4.4: Feynman diagrams for virtual corrections to the quark-photon vertex in

































































































































































































































































































































































































































































































































































































γ γ → c c γ































































































































































































































































































γ γ → c
Figure 4.6: Pentagon Feynman diagrams present in the virtual corrections to γγ → cc¯+γ.
4.2.1 Cancellation of UV-, IR-, and Coulomb-singularities
• Cancellation of UV-divergences
As we have already discussed at the beginning of this Chapter, the UV-singularities
are eliminated when adding the virtual contributions to the subsequent countert-
erms. For our renormalization scheme we have chosen the On-shell scheme for this
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particular process. For an explicit check of the UV-finiteness, we should add to
the virtual contributions the corresponding quark mass counterterm ZOSm given in
Eq. (4.9) and quark-field counterterm ZOS2 given in Eq. (4.10):
2Re ( MbornM?self )UV + 2Re ( MbornM?MassCT )UV
+ 2Re ( MbornM?vertex )UV + 2Re ( MbornM?WfCT )UV
= ( 4(ZOS2 − 1 )UV − 6( ZOS2 − 1 )UV + 2( ZOS2 − 1)UV ) | Mborn |2
= 0UV , (4.29)
where the the sum 2Re ( MbornM?self )UV + 2Re ( MbornM?MassCT )UV is replaced
by 4(ZOS2 − 1 )UV .
• Cancellation of IR-singularities
In the virtual contributions only Abelian pentagon-like diagrams contain IR-singularities.
These will be canceled against those present in the corresponding counterterms for
the renormalization of the quark field. In a mathematical formulation this can be
written as
2Re ( MbornM?pent )IR + 2Re ( MbornM?WfCT )IR
= ( −2( ZOS2 − 1)IR + 2( ZOS2 − 1)IR ) | Mborn |2
= 0IR. (4.30)
• Cancellation of Coulomb singularities
When a longitudinal gluon is exchanged between the external quark and anti-quark
legs, the cross section is affected by Coulomb-singularities. This is the case for
Abelian pentagon diagrams shown in Fig. 4.6. Their IR- and Coulomb- divergent





















































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































γ γ → c c γ
Figure 4.7: Triangle and box Feynman diagrams containing light-quark loops present in
the virtual corrections for γγ → cc¯+ γ.
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scalar three-point functions discussed in App. C.1. The interference of the pentagon
with the born diagrams gives





| Mborn |2〈O1[3S1]〉. (4.31)
As we have discussed in Section 2.3, radiative corrections should also be considered for
the operator matrix elements multiplying the hard scattering cross section, in order to
have a consistent NLO analysis. For the process analyzed here, we have only a 〈O1[3S1]〉
operator. Its Coulomb correction is given in Eq. (2.42) with the subsequent coefficient








Now, if we take the sum of the born and NLO cross sections in a consistent way, we get














= | Mborn |2〈O1[3S1]〉+O(v2). (4.33)
Note that radiative corrections to the OMEs bring also UV- and IR-singularities. The UV-
divergences are eliminated by the renormalization of the operators. The IR-divergent part
will be canceled by the IR-divergences arising in the real corrections [see next Chapter].
4.3 Virtual corrections to γγ → cc¯[3S[1]1 ] + g
Part of the Feynman diagrams contributing to this channel are similar (with respect to
Dirac structure) with those containing a final photon instead of a final gluon. There
are also diagrams containing non-Abelian vertices that cannot be present in the process
γγ → cc¯[3S [1]1 ] + γ. We shall not show further diagrams that differ from those already
presented in the last subsection only by the replacement of the final photon with a final
gluon. We shall present instead new classes of diagrams containing triple gluon vertices.
We can classify the complete set of Feynman diagrams as follows:
• 12 self-energy type diagrams, like those presented in Fig. 4.3 with the replacement
γ → g for the final gluon. They are UV-divergent and IR-finite.
• 18 diagrams containing corrections to the Abelian quark-gluon vertex, similar to
those in Fig. 4.4. They are also UR-divergent and IR-finite.
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• 6 diagrams containing virtual corrections to the gluon-gluon couplings (non-Abelian
triple gluon couplings only). They are shown in Fig. 4.8. They are UV- and IR-
divergent. The IR-singularities show up as simple 1/ and double 1/2 poles, and















































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































γ γ → c c g
Figure 4.8: Feynman diagrams for virtual corrections to the gluon-gluon vertex at γγ →
cc¯+ g.
• 8nlf triangle diagrams containing light quark loops of the type shown in Fig. 4.7(a).
Each of them cancel for this particular final state of cc¯ pairs because of the Dirac
structure of the heavy quark lines.
• 6nlf diagrams containing light quarks inside the loop, like those presented in Fig. 4.9.
They do not give any contribution to the virtual corrections: the sum of two dia-
grams differing only by the light quark flow inside the loop and containing an odd










































































































































































































































































































































































































































































































γ γ → c c g
Figure 4.9: Triangle-type Feynman diagrams containing light-quark loop present in the
virtual corrections for γγ → cc¯+ g.
• 8 + 4 Abelian box diagrams similar to those plotted in Fig. 4.5. They are both IR-
and UV-finite. They are treated in the same way as discussed in the last section for
the subsequent diagrams.
• 4 box diagrams containing non-Abelian triple gluon couplings. An example is shown
in Fig. 4.10. They are UV-finite but are plagued by IR-singularities. These appear
























































































































































































































































































































































γ γ → c c g
Figure 4.10: Box-type Feynman diagrams containing non-Abelian triple gluon vertex,








































































































































































































































































































































































































































































































































































































































































































γ γ → c c g
Figure 4.11: Pentagon Feynman diagrams, present in the virtual corrections for γγ →
cc¯+ g, that contain a triple-gluon vertex.
• 6nlf box diagrams containing light quark loops similar to those shown in Fig. 4.7.
But they do not vanish neither individually in this channel due to their colour
structure, as in the case of γγ → cc¯[3S [1]1 ] + γ, nor in the sum of them as in the case
of triangle-type loops, because now there are two photons and two gluons coupled
to the quark loop. Although individual diagrams contain IR divergences arising as
simple and double poles and UV singularities, the sum of all diagrams of such type
is free of IR- and UV divergences. Their computation requires two-, three- and
four- point integrals with vanishing masses for the propagators. Their analytical
expressions are given in App. B1.
• 6 pentagon diagrams containing only quark-gluon vertices. They are as before
plagued by IR- and Coulomb-singularities. The cancellation of these singularities
will be shown later.
• 2 pentagon diagrams containing three-gluon vertices. They are shown in Fig. 4.11.
They suffer also from IR- and UV- divergences. In principle, to compute such
pentagon diagrams one would need scalar and tensorial five-point integrals. Since
they contain non-Abelian vertices, we are not allowed to assign a small mass to the
gluon and use it as an IR regulator. Fortunately, the momenta flowing inside the loop
propagators are linear dependent and we can simply decompose a five-point integral
to a set of four four-point integrals. The four-point integrals are known (most of
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them implemented in Mathematica and the Fortran package LoopTools) and their
Passarino-Veltman reduction is already implemented in an automatic Mathematica
package FeynCalc. More details about this type of five point functions can be found
in App. C.
4.3.1 Cancellation of the divergences
As usual, UV- divergences are eliminated after we consider the renormalization of QCD
parameters and fields. For the process γγ → cc¯(3S [8]1 ) + g we have chosen the following
renormalization framework:
• we have renormalized the heavy quark masses and fields and the gluon field on-shell.
The analytical expressions for the mass ZOSm and wave-function Z
OS
2 and gluon field
ZOS3 renormalization constants are given in equations Eq. (4.9), Eq. (4.10) and
Eq. (4.23).
• we have renormalized the strong coupling constant in the MS scheme. The sub-
sequent analytical expression of the implied renormalization constant is given in
equations Eq. (4.24).
Through this section we show the explicit cancellation of UV-, Coulomb- and part of the
IR- singularities. The remaining IR-divergent terms will be canceled in the sum of virtual
with real corrections. This cancellation will be discussed in detail in the next chapter.
• Cancellation of UV-divergences
2Re ( MbornM?self )UV + 2Re ( MbornM?massCT )UV
+ 2Re ( MbornM?vertex )UV + 2Re ( MbornM?QwfCT )UV
+ 2Re ( MbornM?gsCT )UV + 2Re ( MbornM?gwfCT )UV































−(2CA − β0) 1
ˆUV
]
= 0UV , (4.34)
where B0(0, 0, 0) functions arise from non-Abelian Feynman diagrams.
62
• Cancellation of IR-divergences




and 1/ˆ2IR. The cancellation of IR-singularities is guaranteed by the KLN theorem
and it occurs when the virtual and real corrections are added. Since for the presently
discussed process there are also real contributions, we shall probe this cancellation in
the chapter designated to real corrections. We list below the IR-singularity structure
of the virtual matrix elements:
double poles like 1/ˆ2IR








simple poles like 1/ˆIR ln
s1
m2












simple poles like 1/ˆIR
2Re ( MbornM?vertex )IR + 2Re ( MbornM?box )IR + 2Re ( MbornM?pent )IR














































• Cancellation of Coulomb-singularities
As in the case of the process γγ → cc¯[3S [1]1 ]+γ, the Coulomb singularities arising in
the Abelian pentagon diagrams are exactly canceled by the Coulomb like radiative
corrections to the operator matrix element 〈O[3S [8]1 ]〉. After the cancellation of
divergences of this type, there is no finite term left. The singularity structure is
similar to those discussed in the last section up to the colour factor. Replacing the
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specific colour-singlet factor CF with the appropriate colour-octet factor −1/(2Nc),
we get the new Coulomb singular term









|Mborn|2〈O[3S [8]1 ]〉. (4.38)
Considering also the NLO corrections to the NRQCD operator matrix element










〈O[3S [8]1 ]〉born, (4.39)
and following the same steps as before, we obtain
(























= |Mborn|2〈O[3S [8]1 ]〉. (4.40)
We should remember that there are also other types of NLO corrections to the
NRQCD matrix element, but they are studied in detail in the next chapter, since the
remaining IR-singularities are canceled against real corrections to the born process.
We can conclude that using the usual renormalization procedure for the hard scattering
cross section and the NRQCD renormalization procedure for the operators we are able
to consistently deal with UV- and Coulomb-singularities. The left over IR-singularities
will be further studied in the context of real corrections where not only OMEs present in
the born process play a roll but also OMEs at higher order relative to v2 enter into the
game. As we shall show, NRQCD provides us with a consistent framework to eliminate all
singularities, in contrast with the CSM which was not able to deal with IR-singularities




In inclusive J/Ψ production only this outgoing particle is observed, and all information
about the other final particles involved is lost, except for what we can learn from the
conservation laws. For example, we do not have information about the number of final
particles produced in the hard scattering process and about their four-momenta. If we
restrict our studies to NLO corrections in αs, then relative to the LO graphs only one
additional particle (g, q, or q¯) can be produced. Thus, we have to consider now the 2 → 3
processes which interfere with each other, but we have to add them incoherently to Born
and virtual contributions. Mathematically, this can be expressed as:
|MBorn +Mvirt|2 + |Mreal|2 = |MBorn|2 + 2Re ( MBornM?virt ) + |Mreal|2. (5.1)
In practical work the real contributions have to be integrated over the appropriate 2 → 3
phase space. In particular, the unknown four-momenta of the unobserved particles should
be integrated out. For some kinematical regions these integrals become divergent. To
regularize them we use as before dimensional regularization with n = 4 − 2. They are
of IR-type, soft or collinear, and they cancel in the sum with virtual contributions. This
cancellation is guaranteed by the (KLN) [28] theorem and it will also be shown explicitly
for the processes that we are studying.
We focus our analysis on two different channels:
γγ → cc¯[n] + γ + g,
γγ → cc¯[n] + g + g. (5.2)
Although they scale with different powers of αs, they can generate contributions with
similar size, since we are dealing with a double expansion in αs and v. Before we start
the analysis of the individual processes, we discuss the parameterization of the accessible
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2 → 3 phase space and its decomposition into soft, collinear and hard parts. We consider
a 2 → 3 process as a 2 → 2 process where the J/Ψ-particle and an intermediate-particle ξ
are produced, followed by the decay of the intermediate-particle to the other two outgoing
partons.











(1, · · · ,− sinχ, 0,− cosχ),
PJ/Ψ = (EJ/Ψ, · · · , 0, 0, pJ/Ψ),
Q ≡ k1 + k2 = (
√
s,~0),
k3 = (ω3, · · · , ω3 sin θ3 sinφ3, ω3 sin θ3 cosφ3, ω3 cos θ3),
k4 = (ω4, · · · , ω4 sin θ4 sinφ4, ω4 sin θ4 cosφ4, ω4 cos θ4). (5.3)
We define the Mandelstam variables in a similar manner to that for LO processes:
s = (k1 + k2)
2,
t1 = −2k1 · PJ/Ψ = −
√
s(EJ/Ψ + pJ/Ψ cosχ),
u1 = −2k2 · PJ/Ψ = −
√
s(EJ/Ψ − pJ/Ψ cosχ). (5.4)
The relations between the energy EJ/Ψ, angular orientation of the J/Ψ-particle, and the
Mandelstam variables are












∣∣∣∣ = 12s pJ/Ψ . (5.5)
We must now introduce the new invariants (specific for 2 → 3 scattering processes)
s3 = (k3 + k4)
2,
s4 = (PJ/Ψ + k4)
2 − 4m2c ,
s5 = (PJ/Ψ + k3)
2 − 4m2c ,
t6 = (k2 − k3)2,
u6 = (k1 − k3)2,
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t8 = (k1 − k4)2,
u8 = (k2 − k4)2,
(5.6)
in order to describe the real MEs. Due to kinematical constraints, only 3 · 3 − 4 = 5
invariants are independent, and the real MEs can be expressed in terms of these five
independent Mandelstam variables.





































































To compute the dPS?1→2 it is convenient to integrate it separately for different kinematical
regions and use the appropriate parameterizations. For the process γγ → cc¯[n] + g + g
there are two sources of IR-divergences, which occur in different regions of the phase
space:
• If one of the two gluons is soft, E3g ≤ Eming or E4g ≤ Eming , the real MEs contain soft
singularities.
• If two hard gluons, where E3,4g > Eming , become parallel, i.e. <) (~k3, ~k4) ≤ δ, the MEs
contain collinear singularities.
• If the two gluons are collinear and one of them is soft, then the MEs contain soft-
collinear singularities.
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In the dimensional regularization used in this work, the IR-singularities arise as simple
and double poles in .
In order to make quantitative predictions, we introduce new parameters defined with









cos θ34 = 1− (k3 · k4)Q
2
(k3 ·Q)(k4 ·Q) , (5.9)
where x(i)g is the fraction of energy carried by particle i = 3, 4 with respect to the center-
of-mass (CM) energy
√
s, and θ34 is the angle between the two outgoing gluons. One can
define different kinematical regions by imposing some restrictions on these parameters.
We chose an arbitrarily small cut-off parameter xcut and ask for x
(3),(4)
g or cos θ34 to be
smaller (larger) than this cut-off. Mathematically, we can decompose the phase space
using some trivial properties of the step function:
1(3) = Θ(x(3)g − xcut) + Θ(xcut − x(3)g ),
1(4) = Θ(x(4)g − xcut) + Θ(xcut − x(4)g ),
1(3,4) = Θ(1− cos θ34 − xcut) + Θ(xcut − (1− cos θ34)), (5.10)
where 1(a) referes to the neutral element of various subspaces. The relevant regions of the
phase space are defined starting from the following relation
1(3) ⊗ 1(4) ⊗ 1(3,4)
= Θ(xcut − x(3)g ) Θ(x(4)g − xcut) + Θ(xcut − x(4)g )Θ(x(3)g − xcut)
+ Θ(x(3)g − xcut) Θ(x(4)g − xcut) Θ(xcut − (1− cos θ34))
+ Θ(x(3)g − xcut) Θ(x(4)g − xcut) Θ(1− cos θ34 − xcut). (5.11)
The first two terms describe the soft and soft + collinear regions relative to k3 and k4, the
third defines the collinear region and the last term specifies the hard part of the phase
space. Obviously, the physical quantities do not depend on the cut-off parameter. We can
now perform the remaining phase space integrations ,separately, for each of these regions.
For the process γγ → cc¯[n] + γ + g, we consider only the decomposition of the phase
space into soft and hard parts relative to the gluon. The corresponding parameterization
is given by the relation
1(4) = Θ(x(4)g − xcut) + Θ(xcut − x(4)g ). (5.12)
68
Since the charm quark and anti-quark are considered massive we do not have to deal with
mass-singularities when the final gluons or photons are emitted parallel with them.
There are other possibilities for defining the different regions of the phase space, i.e.
we can parameterize it in terms of Lorentz-invariant quantities. Below is given an example
for such a parameterization:
s3 = (k3 + k4)
2 ≤ ∆ defines the IR region of the phase space,
s3 = (k3 + k4)
2 > ∆ defines the hard region of the phase space. (5.13)
In our computations we used the first method outlined.
The hard region of the phase space
The last term of Eq. (5.11) specifies that both final particles are hard and do not become









δ(n)(ξ − k3 − k4)






δ(ξ(0) − k(0)3 − k(0)4 )










(0) − k(0)3 − k(0)4 )
× Θ(x(3)g − xcut) Θ(x(4)g − xcut) Θ(1− cos θ34 − xcut). (5.14)
Since we are allowed to choose any CMS for the decay of the pseudo-particle ξ into
k3 and k4, it is convenient for our calculations to select the CMS of the incoming particles
















δ(ξ(0) − k(0)3 − k(0)4 ) Θ(x(3)g − xcut)∫
















s− EJ/Ψ)2 + p2J/Ψ − 2pJ/Ψ(
√
s− EJ/Ψ) cos θ3
Θ(x(3)g − xcut)
∫
sinn−3 θ dθ Θ(1− cos θ34 − xcut) sinn−4 φ dφ, (5.15)
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s− EJ/Ψ)2 + p2J/Ψ − 2pJ/Ψ
Θ(x(3)g − xcut)
× dt1 du1 sinn−3 θ dθ Θ(1− cos θ34 − xcut) sinn−4 φ dφ. (5.16)
The soft part of the phase space
Integrating over the 1 → 2 phase space, dPS?1→2, with the corresponding restrictions given























n−3 θ3 dθ3 dΩn−2 Θ(xcut − x(3)g )
× 1
2ω4








n−3 θ3 dθ3 dΩn−2 Θ(xcut − x(3)g ), (5.18)




















δ(ξ(0) − k(0)3 − k(0)4 ) Θ(x(4)g − xcut)
= dPS2→2 × dPSsoft(3). (5.19)
In the soft or collinear limit, the real MEs factorize either with eikonal factors or with the
Altarelli-Parisi splitting functions and Born MEs [58]. In the soft limit, we only have to
integrate the corresponding eikonal factors over dPSsoft(3), since the Born MEs do not
depend on the additional parameters.
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The collinear region of the phase space
Since the collinear region is defined as the domain where the relative angle between the
two light outgoing particles is smaller than a cutoff parameter and the MEs factorize with
the Altarelli-Parisi splitting functions, which depend on the fraction of energy carried by





, 1− z = ω3
ω3 + ω4
, cos θ34. (5.20)
If we consider the same CMS as that defined in Eq. (5.3), we get the following restrictions
arising from the conservation laws:
ω3 sin θ3 − ω4 sin θ4 = 0,




4 + 2ω3 ω4 cos θ34. (5.21)
Using the last two equations and the collinear approximation, we obtain
sin θ3 ' z sin θ34,
(ω3 + ω4) ' pJ/Ψ,∣∣∣∣∂(ω3, cos θ3)∂(z, cos θ34)





In the collinear limit the real MEs factorize with the Altarelli-Parisi splitting functions of







Note that we include further the factor 1/(k3 · k4) in the parameterization of the phase








δ(n)(ξ − k3 − k4) 1
k3 · k4







ω3ω4(1− cos θ34) δ(ξ
(0) − k(0)3 − k(0)4 )













(1− cos θ34) dθ3 dΩn−2 δ(ξ
(0) − k(0)3 − k(0)4 )
× Θ(x(3)g − xcut) Θ(x(4)g − xcut) Θ(xcut − (1− cos θ34)). (5.24)
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(1− y) dy dΩn−2
× Θ(1− z − zcut) Θ(xcut − (1− y))
× δ(s1 + t1 + u1 + 8m2c) Θ(x(4)g − xcut)
= dPScoll(3, 4)× δ(s1 + t1 + u1 + 8m2c) Θ(x(4)g − xcut), (5.25)
where we have used the notation y = cos θ34, and the properties of the step function
Θ(x(3)g − xcut) = Θ(1− z − zcut). We can also derive a factorization formula of the phase








k3 · k4 dPS
?
1→2
= dPS2→2 × dPScoll(3, 4), (5.26)
where dPScoll(3, 4) was defined in Eq. (5.25) and dPS2→2 in Eq. (5.8).
The evaluation of the real-emission MEs in n-dimensions is usually complex. Tech-
niques exist to obtain the soft gluon limits of the amplitudes in non-Abelian gauges [59].
They are based on the eikonal factorization of the sub-amplitudes corresponding to the
various colour structures encountered. In the framework of NRQCD we also need a tech-
nique to extract the behaviour of different cc¯ states in the soft gluon-emission processes,
and we chose the one described in Refs [1, 15].
5.1 Real corrections to γγ → cc¯[n] + γ
At tree-level the possible processes are
γγ → cc¯[3S [1]1 ] + γ and
γγ → cc¯[1P [1]1 ] + γ.
At NLO, in the process γγ → cc¯[n] + γ + g only colour-octet states can be produced, so
that there are no real corrections from the point of view of CSM. Inside CSM the virtual
corrections, computed in Section 4.2, are negative and rather large, and the sum of Born
and virtual corrections can become negative in some kinematical regions [see Fig. 6.2].
































































































































































































γ γ → c c g γ
Figure 5.1: Generic Feynman diagrams for the process to γγ → cc¯+ γ + g.
In the NRQCD framework we have to consider all allowed contributions (according
to charge, parity, and time-reversal conservation laws), that originate from both colour-
singlet and colour-octet states, not only the state with the same quantum numbers as
those of the observed meson. The specific processes, within this formalism, are:
γγ → cc¯[1S [8]0 ] + γ + g,
γγ → cc¯[3P [8]j ] + γ + g with j = 0, 1, 2. (5.27)
As discussed in the previous Chapter, in the computation of the virtual corrections,
Coulomb-singularities arise, which are canceled after considering radiative corrections to
the NRQCD operator matrix element 〈O1[3S1]〉. In a coherent theory, we should take into
account all types of radiative corrections to the NRQCD operator MEs that occur at the
same order in αs. The full NLO analysis of the NRQCD operator MEs have been studied
in Chapter 2. It turned out that after renormalization of the 〈O1[3S1]〉, the operator still
contains IR-divergences [see Eq. (B.34)]. The coefficients of the IR-singularities organize
themselves as a sum over the 3P
[8]
j operators. We shall show below that, indeed, the real
MEs (computed within the NRQCD framework) for the process γγ → cc¯[3P [8]j ] + γ + g
also contain IR-divergences. In the sum of these contributions with the Born and the
virtual corrections, and considering also NLO corrections to the 〈O1[3S1]〉 operator, the
IR singularities cancel. The consistent cancellation of all IR-divergences is one of the
main improvements from theoretical point of view that NRQCD gives compared with the
CSM.
The generic Feynman diagrams corresponding to the process γγ → cc¯+ γ + g are shown
in Fig. 5.1. If we consider a semi-inclusive measurement, where only the J/Ψ-particle is
observed, we have to integrate out the degrees of freedom of γ and g. In this context, we
refer to the process γγ → cc¯+γ+g as real corrections for γγ → cc¯+γ. If we consider the
exclusive measurement, where, additionally, the γ and the g are also observed, we should
interpret this process as a LO one. In this Section we are analyzing only the inclusive
aspects of the process, and an example of an exclusive analysis is given in Section 6.3.
It can be shown a priori using Furry’s theorem and charge, parity and time-reversal
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with j = 0, 1, 2. Within the NRQCD approach, the corresponding partonic cross section
can be expressed as





where n = 1S0,
3Pj,with j = 0, 1, 2. It turned out that the MEs for the processes producing
cc¯[1S
[8]
0 ] in the final states are finite over the full phase space, and they can be directly
computed in n = 4 dimensions. In the limit of soft gluon emission, they vanish and we
can extend the parameterization of the hard region over the whole space. Due to very
large expressions obtained for the MEs, we have not computed analytically the entering
angular integrals, but only numerically using the VEGAS routine for FORTRAN.
The real MEs of the processes γγ → cc¯[3P [8]j ] + γ + g, with j = 0, 1, 2, contain soft-
divergences. To extract the soft-singularities we have decomposed the phase space as
discussed in Eq. (5.12) and the technique of soft gluon sub-amplitudes. We start by
considering the emission of a soft gluon from the tree-level graphs. A soft-singularity
appears only if the gluon is emitted from one of the external lines.
5.1.1 Soft gluon emission
Let us consider the amplitude for the emission of a soft gluon with momentum kc, colour
index c and polarization c from a gluon line with momentum p, color index a and polar-
ization  of a generic Born amplitude Ma = Mµaµ. In the small kc limit we get
Mνac = igsfacb
pν
p · kc Mb + non-singular terms, (5.29)
where we have considered only pure QCD amplitudes. In reality they are multiplied with
the corresponding long-distance operators.
Similarly, if we consider emission of a soft gluon from an external quark or anti-quark line
with momentum p and colour index i from a generic amplitude Mi = u¯(p)Mˆi, we obtain
Mνic = gs
pν
p · kc T
c
ij Mj + non-singular terms,
Mνic = −gs
pν
p · kc Mj T
c
ji + non-singular terms, (5.30)
where the first equation encounters emission from quark lines and the second one from
anti-quark lines. Applying these approximations to the appropriate Feynman diagrams
for the processes γγ → cc¯[3P [8]j ] + γ + g, we have
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MNLOsoft = T cij gs
(
Q · c





where Q = P/2 + q and Q¯ = P/2− q denote the momenta of the quark and anti-quark.




·MNLOsoft = 0, (5.32)
and similarly for the colour-octet subspace of states:
MNLOsoft [8] =
√
2 T aji ·MNLOsoft
=
√










where [1] and [8] refer to a generic colour-singlet and colour-octet state, respectively.
For the S-wave final states we have to constrain q = 0, which is equivalent to
Q = Q¯ = P/2 and implies vanishing amplitudes
MNLOsoft [1S80 ] = 0. (5.34)
For the P -wave final states we have to take the derivative with respect to q, the relative














P · kc − 2
P · c









































The soft amplitudes for the production of 3P
[8]
j states are then simply obtained as






Msoft [ 3P [8]j ] = 2
√





















MBorn [ 3S [1]1 (eff) ], (5.37)
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where we have introduced the effective polarization Jeff,α ≡ εJαβ βc . This is given in terms
of the polarization of the soft gluon and of the quarkonium state, and it contains the
dependence of the soft gluon emission on the relative direction between the gluon and cc¯
pair.
The meaningful physical quantity is the squared amplitude summed over the final
states and averaged over the initial ones. We want to express the soft P-wave amplitudes
in terms of S-wave amplitudes with the help of the equation given above. But the number
of degrees of freedom for S- and P -wave states are different, and we should average over
the n − 1 spatial direction of the soft gluon associated with the P-waves. After some
















|MBorn [ 3S [1]1 ]|2. (5.38)
5.1.2 Complete NLO corrections to γγ → cc¯[3S [1]1 ] + γ
To obtain the real corrections we have separately integrated the corresponding MEs over
the various regions of the phase space, and we have used the suitable approximations for
each of them. For the 3P
[8]













|MNLOhard [ 3P [8]j ]|2
〈O8[3Pj]〉
NcolNpol
dPS?2→2 × dPS?1→2, (5.39)
where the notations soft and hard stand for an explicit multiplication of the real MEs
with subsequent step functions, the expressions for the dPSk→j have been discussed at
the begining of the Chapter, and kg stands for the soft-gluon momentum. The first term

































Since we have considered here only the soft contributions, they depend on the cutoff
parameter. The dependence on this unphysical parameter is eliminated when soft and
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hard contributions are added. We have checked this cancellation only numerically [see
Fig. 6.1], because the technique used to compute the hard contribution does not allow for
an analytical comparison.
Let us consider now the LO hard-scattering contribution γγ → cc¯[3S [1]1 ] + γ, for which




























where µΛ is the NRQCD renormalization scale introduced in Section 2.3, and µ is the
regularization scale. As can be easily seen, the IR-divergences cancel in the sum of soft
and NRQCD corrected Born contributions:
dσsoft[ 3P
[8]




































The complete expression for the differential NLO cross section can be written as

















We have shown in this Section the exact cancellation, within the NRQCD formalism,
of all types of divergences that arise at the NLO for the process γγ → cc¯ + γ. This
is ,of course, a strong check for the consistency of the theory. The phenomenological
consequences of the NRQCD predictions will be discussed in the next Chapter.
5.2 Real corrections to γγ → cc¯[n] + g
The LO processes are:
γγ → cc¯[3S [8]1 ] + g,














































































































































































































































γ γ → c c g g
Figure 5.2: Generic Feynman diagrams for the process to γγ → cc¯+ g + g.
and at this level, only colour-octet final states can be produced, as has been discussed.
In the processes with an additional gluon, both colour-singlet and colour-octet states can
be produced, namely:
γγ → cc¯[1S [1,8]0 ] + g g,
γγ → cc¯[3P [1,8]j ] + g g with j = 0, 1, 2, (5.44)
γγ → cc¯[1P [8]1 ] + g g(qq¯),
γγ → cc¯[3S [8]1 ] + g g(qq¯). (5.45)
The specific Feynman diagrams which contribute to the processes defined in Eq. (5.44)
are shown in Fig. 5.2. They are very similar to the diagrams contributing to the processes
γγ → cc¯[n]+γ+ g. The replacement of the final photon with a gluon translates only into
a change of couplings and colour factors. Therefore, for these processes we use a similar
technique as that described in the last subsection.
For the second set of processes, defined in Eq. (5.45), the generic Feynman diagrams
are shown in Fig. 5.3. They contain the splitting of a gluon into either two gluons or
into a light-quark and anti-quark pair. Due to our choice for the sum over the gluon
polarization we should also introduce Fadeev-Popov ghosts. We study separately the two
sets of processes because they require different techniques for the integration over the
unknown degrees of freedom.
Note that the colour-singlet 3S1 state cannot be produced in these processes. The
Feynman diagrams shown in Fig. 5.2 do not contribute due to their Dirac structure (the
sum of all of them vanishes) and those shown in Fig. 5.3 do not contribute due to their
colour structure. We conclude that the processes γγ → cc¯[n] + g are colour suppressed,
but enhanced by the ratio αs/α relative to the process γγ → cc¯[n] + γ.
The channel containing cc¯[1P
[8]
0 ] in the final state is not studied here due to our ex-
pectation, on the basis of the velocity-scaling rules, that they do not produce measurable
effects.










































































































































































































































































































































γ γ → c c d d
Figure 5.3: Generic Feynman diagrams for the process to γγ → cc¯[3S [8]1 ] + g + g.





















































where nlf = 3 is the number of the light-quark active flavours and the factor 1/2! is intro-
duced for processes with two identical particles [i.e. two gluons] in the final states. Note
that the contributions from colour-singlet 1S0 and
3Pj do not vanish, but the long-distance
OMEs corresponding to the J/Ψ-meson are very small [they are suppressed by v8 accord-
ing to the velocity-scaling rules], and we neglet them in our numerical analysis. Although,
we study their IR-limit in order to demonstrate the cancellation of all divergences.
If one of the two gluons becomes soft, then the MEs are plagued by the IR-divergences
of soft origin. If the two gluons or light quark and anti-quark are emitted collinearly, then
mass- or collinear-singularities occur. If one gluon is soft and is emitted collinear to
the other, then soft-collinear singularities arise. To extract the IR-divergences from the
real MEs we use the parameterization of the phase space given in the first Section. The
individual limits are discussed in the next Section and, in Section 5.2.3, we present the
complete NLO corrections to γγ → cc¯[n] + g.
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5.2.1 Soft-collinear limit of γγ → cc¯[3S [1,8]1 ] + gg
For the soft gluon emission we used the same technique as in Section 5.1.1 and we chose
the same CMS as that described in Eq. (5.3). The soft MEs factorize with an eikonal
factor and Born MEs as expected:
lim
k3→0











MgBorn [3S [8]1 ], (5.47)








2 P · k4




|MgBorn [3S [8]1 ]|2











|MgBorn [3S [8]1 ]|2. (5.48)
Similarly for the limit k4 → 0 we have
lim
k4→0









|MgBorn [3S [8]1 ]|2. (5.49)
To obtain the collinear limit (defined as θ34 → 0) of the MEs we work in the same CMS as
for the soft limit. The MEs contain terms that factorize either with 1/s3 or 1/s
2
3. In the
parameterization of the collinear PS a factor 2/s3 = 1/(k3 ·k4) was already included. The
integration over θ34 of terms like θ
k
34/s3 only gives contributions of the order O(xcut) that
vanish in the limit xcut → 0. Accordingly, all invariants in the expressions multiplying
the 1/s3 propagator can be replaced with their values at θ34 = 0.
The expressions multiplying 1/s23 have to be expanded up to order O(θ234). The resulting
contributions after the power expansion behave as follows:
• terms like 1/s23 cancel, as expected from gauge invariance.
• terms like sin θ34/s23 are always multiplied with cos φ and they vanish after azimuthal
integration.
• terms like θ234/s23 finally contribute to the collinear MEs.





















Pgg(z) |MgBorn [3S [8]1 ]|2 +O(θ34), (5.50)
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where B(a, b) is the Beta-function, given in App. D, and Pgg is the Altarelli-Parisi gluon










where z has been defined in Eq. (5.20). We can also express the gluon splitting functions
in terms of Lorentz invariants. Such a parameterization is not unique, but we should
choose the (only) parameterization that in the soft-collinear region (i.e. z → 0 , θ34 → 0)













Now, we can construct an eikonal factor valid for the whole IR-region, and which repro-
duces the specific soft and collinear behaviours in the subsequent limits




















It is easy to check that the term s4s5
(s4+s5)2






do not contribute in the collinear limit. This Lorentz-invariant expression for the
soft-collinear limit of the real MEs has the advantage that the integration over the degrees
of freedom of the final unobserved particles can be performed in any suitable CMS. We
have chosen the CMS given in Eq. (5.3), with the discussed parameterization of the phase












≡ Iggsoft dσBorn[3S [8]1 ], (5.54)



















n−3 θ4 dθ4 dΩn−2 Θ(xcut − x(4)g )
)
. (5.55)







































































≡ Iggcoll dσBorn[3S [8]1 ], (5.57)












(1− y) dy dΩn−2
× Θ(1− z − zcut) Θ(xcut − (1− y)). (5.58)
In the collinear limit, the energy sum of the two emitted gluons is given by
ω3 + ω4 = s1/(2
√
s) +O(θ34), (5.59)























































= (Iggsoft + I
gg
coll) × dσBorn[3S [8]1 ]. (5.61)



























− 2 ln s1
2m2c
) ]
× dσBorn[3S [8]1 ]. (5.62)
In the study of the virtual corrections [see Eqs (4.35), (4.36), (4.37)], it turned out that
there remained uncanceled IR-singularities. These are exactly canceled by the singularities
contained in the above formula, up to the term proportional to nlf , which is studied in
the next subsection. The expression in Eq. (5.61) contains an explicit dependence on
the cut-off parameter xcut. This dependence cancels out when the soft and the collinear
contributions are added to the hard contributions. We have not analytically integrated
the hard MEs, because they have very large expressions. The angular integration was
done numerically and the dependence on the cut-off parameter explicitly extracted [see
Fig. 6.6].
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5.2.2 Infra-red limit of the process γγ → cc¯[3S [8]1 ] + qq¯
Our detailed analysis has shown that the MEs for this process contain only collinear-
divergences. Accordingly, we expect only single poles to arise after the integration over
the collinear phase space. Using a similar method as for the subprocess with two gluons















g2s 2 Pqg(z) |MgBorn [3S [8]1 ]|2 +O(θ34), (5.63)
where Pqg(z) is the Altarelli-Parisi gluon splitting function into quark and anti-quark





z2 + (1− z)2 − 
]
, (5.64)
where z is the fraction of energy carried by the splitting products. We can parameterize
















The advantage of such a formulation is that it is CMS independent .
For this process the corresponding eikonal factor Fqg is identical to the Altarelli-Parisi
splitting function Pqg, and we can use the parameterization given in Eq. (5.65) over the
complete IR-region. The integration over the light-partons degrees of freedom can be
done easily in the same CMS as before.




1 ]] = nlf
∑
col,pol
|MgBorn [3S [8]1 ]|2 dPS2→2 × 2
∫
FggdPScoll(3, 4)
≡ Iqq¯coll dσBorn[3S [8]1 ], (5.66)










(1− y) dy dΩn−2
× Θ(1− z − zcut) Θ(xcut − (1− y)).
(5.67)




















































This term is proportional with nlf = 3 (the number of active flavours in our calculations),
and it will exactly cancel the divergent piece from the virtual contributions in Eq. (4.37)
that is dependent on the nlf .
5.2.3 Complete NLO corrections to γγ → cc¯[3S [8]1 ] + g
If we consider now the full NLO analysis of the process γγ → cc¯[3S [8]1 ] + g and ignore for
the moment the radiative corrections at the same order in αs to the NRQCD operators, we
can probe the missing IR-singularity cancellation and obtain the NLO partonic differential
cross section as a finite quantity
dσNLO[3S
[8]
1 ] = dσ
Born[3S
[8]
1 ] + dσ
virt[3S
[8]
1 ] + dσ
IR[3S
[8]




The meaningful physical quantity for the NLO cross section should also contain order αs
corrections to the operator 〈O[3S [8]1 ]〉. As discussed in Chapter 2, the NLO operator suffers
from IR-divergences. They will be canceled when we add also contributions produced in
the first set of processes defined in Eq. (5.44). The analysis of these processes is very
similar with that already done for the process γγ → cc¯[n] + γg. In the process with two
gluons in the final states we can produce both colour-singlet and colour-octet 1S0 and
3Pj states, with j = 0, 1, 2. Again, the real MEs for the processes γγ → cc¯[1S [1,8]0 ] + gg
are finite over the complete phase space, and they vanish in the IR-limit. The MEs for
the processes γγ → cc¯[3Pj [1,8]] + gg suffer from soft and collinear divergences. Following
the same steps as in Section 5.1.2, we can extract the IR-divergent pieces from the soft

























































where the colour coefficients BF and CF are given in App. A.
If we recall Eq. (2.50) where the NLO corrections for 〈O8[3S1]〉 are given, one can write
































If we add the last three equations we can easily see the cancellation of the IR-divergences,












































The full NLO differential cross section for the process γγ → cc¯[3S [8]1 ] + g is then given by




















1 ] has been defined in Eq. (5.70), and it is a finite quantity. We conclude
that NRQCD provides a consistent theory to systematically include all allowed LO and
NLO processes. Within this framework, we have proven the complete cancellation of all
types of divergences. The leftover finite contributions are NRQCD renormalization scale
dependent, and in our numerical analysis we have fixed the NRQCD renormalization
scale to µΛ = MJ/Ψ = 2mc. In the next Chapter we will use the results obtained in this
Section in order to perform a numerical analysis of the processes γγ → cc¯[n] + γ and





We are now in a position to explore the phenomenological implications of our theoretical
results. We wish to analyze in detail the NLO corrections to the hadronic cross section of
the process e+e− → e+e−J/ψ+X, where X = g, γ, considering only the direct channel and
using the theoretical prescriptions given the last two chapters. For exclusive measurements
of J/Ψ-particles with two jets, we impose additional cuts as required by the experimental
procedure.
For both types of analysis we have chosen the same input parameters as in Chapter
3, i.e. mc = 1.5 GeV, α = 1/137.036, and αs from the LO formula taking nlf = 3
active light-quark flavours and the renormalization scale µ = ξµmT with the default
value ξµ = 1. For the default operator matrix elements 〈OH〉, we have adopted the
set determined in Ref. [13] by fitting the Tevatron data Ref. [6], using the LO proton
PDFs from Martin-Roberts-Stirling-Throne (MRST98LO). We have employed Λ
(3)
QCD =
204 MeV, which corresponds to Λ
(4)
QCD = 174 MeV, to conform with the fit in Ref. [13].
6.1 NLO analysis of the process γγ → J/Ψ + γ
As we discussed in the previous Chapter, we have used the phase space slicing method
to integrate out the degrees of freedom of the two light outgoing particles. After the de-
composition of the phase space into soft, collinear and hard parts, the individual partonic
cross sections are cut-off dependent, and only their sum should be independent of this
unphysical parameter. In the process γγ → cc¯[n] + γ + g, the cc¯ pair can be produced







































√S = 189 GeV
 pT  > 2 GeV








Figure 6.1: The cut-off independence of the total cross section for the process
γγ → cc¯[n] + γ via bremsstrahlung at LEP2.
In Fig. 6.1 we show the cut-off independence of the total cross section, considered as a
real correction, for a cut-off variation from 10−3 to 10−2. To obtain the total cross section
we have integrated over the J/Ψ-rapidity from −1.5 to 1.5 and over transverse momenta
above 2 GeV. As can be seen from the figure, the real corrections are almost an order of
magnitude smaller than the Born contributions. This is caused by the colour suppression
of the octet states relative to singlet one. We have investigated a wider range for the
cut-off parameter and it turned out that at smaller values 10−6 − 10−4 the numerical
instabilities are rather large, while at larger values 10−2−10−1 the eikonal approximation
is no longer valid and the total cross section depends on the cut-off. We have chosen for
our analysis a cut-off parameter in the range 10−3 − 10−2 where the total cross section is
independent of this arbitrary parameter.






































√S = 189 GeV




Figure 6.2: The transverse momentum distribution dσ/dpT of γγ → cc¯[n] + γ via
bremsstrahlung at LEP2.
tion. The dashed lines represent the Born contribution, the dotted lines correspond to
Born+virtual corrections, and the full lines to the NLO NRQCD predictions, where also





0 states have been included. We can conclude from this
figure that the virtual corrections are large (∼ 30%) and negative. The sum Born+virtual
is a pure CSM computation. It is finite and for large values of the transverse momenta
pT it can become negative, which is a signal of theoretical inconsistencies. The real cor-
rections become important at large transverse momenta and the slope of their curve is
flatter than the Born+virtual contribution.
In Fig. 6.3 we investigate the rapidity distributions dσ/dyJ/Ψ for γγ → cc¯[3S [1]1 ] + γ.
The dotted lines correspond to Born+virtual corrections and the dashed lines to Born
contributions. The solid lines refer to the sum of Born and NLO corrections allowed in
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Figure 6.3: Rapidity distribution dσ/dyJ/Ψ of γγ → cc¯[n]+g via bremsstrahlung at LEP2,
considering LO and NLO contributions.
a maximum at this rapidity value. We can explain this by our assumption that electron
and positron beams have similar set-up. LO and NLO have similar dependence on the
rapidity, which can be explained by the fact that the Feynman graphs have equivalent
topologies.
In Fig 6.4 we compare the scale dependence of the LO and NLO differential cross
sections dσ/dpT for pT = 2 GeV. The LO contribution is a QED process and therefore
independent of the renormalization scale (dashed lines). At NLO an additional gluon is
present in the Feynman graphs and a scale dependence is introduced. Since in our compu-
tation we have used for this process the on-shell scheme to renormalize the heavy-quark
mass, the scale dependence is only introduced with the strong coupling constant. The µ-
independence of the quantity 1/αsdσvirt was checked explicitly. For the real contributions,





























√S = 189 GeV
 pT = 2 GeV
−1.5 < yJ/ψ < 1.5
Born
Figure 6.4: The scale dependence of the total cross section of γγ → cc¯[n] + γ via
bremsstrahlung at LEP2.
are plotted with the same types of lines as before, except the dotted lines which encounter
now only the virtual contributions. We can conclude that at small energy scales, pertur-
bation theory breaks down due to the large increase of αs. In contrast, at large scales the
results have a smooth dependence on the scale.
In Fig. 6.5 we show the dependence of the total cross section σ on the center-of-mass
e+e− energy. It can be seen that there is an increase by a factor of two from LEP2 to
TESLA2 energies both at LO and NLO.
The conclusions of the NLO analysis of the process γγ → cc¯[n]+γ are that the overall
normalization is decreased by almost 30% and that the slope of the dependence of dσ/dpT



























 pT  > 2 GeV
−1.5 < yJ/ψ < 1.5
Figure 6.5: The center-of-mass energy distribution of the total cross section for
γγ → cc¯[n] + γ via bremsstrahlung at LEP2.
6.2 NLO analysis of the process γγ → J/Ψ + g
We now consider the NLO analysis of the process γγ → cc¯[n]+g. We start with a discus-
sion about the phase space slicing method applied to the individual channels. Namely,








0 channels because they get contri-
butions from different types of Feynman diagrams and they have different IR-divergent
behaviour, as explained in Section 5.2.
Let us start with the analysis of γγ → cc¯[3S [8]1 ] + g. We show in Fig. 6.6 the inde-
pendence of the total cross section on the unphysical cut-off parameter xcut. We have
plotted the Born contribution with dashed lines, the hard contribution with dotted lines,
the soft contribution with dot-dashed lines, and the sum hard+soft, arising in the real
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Figure 6.6: The cut-off independence of the total cross section for the process
γγ → cc¯[3S [8]1 ] + g at LEP2.
depend on the cut-off parameter when this parameter varies from 2 · 10−3 to 2 · 10−2. We
have also explored higher and lower sectors for this parameter but it turned out that the
appropriate range for the numerical stability and cut-off independence is the one shown
in this figure. Therefore we have chosen for our predictions a cut-off value in this range.
In Fig. 6.7 we have shown the same cut-off independence of the real cross section, but





0 channel with the same convention for the line-types. We
conclude also for that process that the numerical analysis does not depend the unphysical
parameter xcut, if this is chosen in the range 10
−3 − 10−2.
In Fig. 6.8 we show the transverse momentum distribution of the LO and NLO cross
sections dσ/dpT for the process γγ → cc¯[3S [8]1 ] + g. The dashed curve shows the pT -
dependence of the Born contribution, the dotted curve corresponds to the NLO contribu-
tion from the 3S
[8]
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Figure 6.7: The cut-off independence of the total hadronic cross section for the process
γγ → cc¯[n] + g, where [n] =3 P [8]J ,1 S [8]0 at LEP2.
NRQCD allowed channels. We conclude from the figure that the NRQCD NLO correc-
tions are almost an order of magnitude larger than the Born ones, a behaviour already
predicted [42]. We notice also that the NLO contributions have a milder dependence on
pT than the Born contributions, which arises in higher cross section at large transverse
momenta.
In Fig. 6.9 we investigate the rapidity distributions dσ/dyJ/Ψ for γγ → cc¯[n] + g. As
before, we show separately the Born (dashed lines), the 3S
[8]
1 channel at NLO (doted lines)
and the full NLO contribution (solid lines). The y distributions displayed in Fig. 6.9 are
all symmetric about y = 0 with a maximum at this rapidity value, which can be explained
in the same manner as for Fig. 6.3. LO and NLO curves have similar dependence on the
rapidity which can be explained by the fact that the subsequent Feynman graphs are only
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Figure 6.8: The transverse momentum distribution dσ/dpT of γγ → cc¯[n] + g via
bremsstrahlung at LEP2.
.
In Fig. 6.10 we show the scale dependence of the theoretical predictions for LO and
NLO dσ/dpT at pT = 2 Gev of γγ → cc¯[3S [8]1 ]+g using a logarithmic scale on the abscissa.
We have chosen only these channels because there are Born, virtual and real contributions
and all of them depend on the running strong coupling constant αs. We have varied the
renormalization scale around the value µ = mT from 0.25 to 4. There is no dependence on
the factorization scale because we are analyzing only the direct process. Our results show
that the scale dependence of the NLO contributions at large values for this parameter
is flatter than that of the LO ones. We can also conclude from the figure that at small
energy scales this dependence is very strong and that perturbation theory is not valid
anymore.
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Figure 6.9: Rapidity distribution dσ/dyJ/Ψ for γγ → cc¯[n] + g via bremsstrahlung at
LEP2, considering LO and NLO contributions.
range as before) with the center-of-mass e+e− energy
√
S. It turns out that the factor
K = σNLO/σLO is almost independent of the hadronic energy and has an average value
of K = 6. As expected the total cross section increases at higher energies.
It turned out from our analysis that at large transverse-momentum for J/Ψ-meson, the
NLO corrections are of about an order of magnitude larger than LO contributions. Ac-
cording to this, we expect that at CM energies proposed for TESLA, the direct-processes

































√S = 189 GeV
 pT = 2 GeV
−1.5 < yJ/ψ < 1.5
Virtual
Figure 6.10: The scale dependence of the total cross section for γγ → cc¯[n] + g via
bremsstrahlung at LEP2.
6.3 LO analysis of the process γγ → J/Ψ + 2 jets
We now turn to the case where the J/Ψ-particle is produced together with two hadronic
jets. The corresponding Feynman diagrams are shown in Fig. 5.2 and in Fig. 5.3. In
addition we have included the contribution from diagrams shown in Fig. 6.12. The MEs
for the last contribution exhibit collinear singularities (one of the light quarks or anti-
quarks becomes parallel with the photon). These singularities are absorbed at NLO
into the renormalized parton densities of the photon encountered in the single-resolved
process. A complete NLO analysis including direct-, single-, and double-resolved processes
is beyond the scope of this work. We therefore take into account only the hard part of the
allowed phase space and impose additional cuts on the rapidities and transverse momenta
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Figure 6.11: The energy distribution of the total cross section for γγ → cc¯[n] + g via
bremsstrahlung at LEP2.
Working in the same CMS of Eq. (3.24) and calling the azimuthal angles, transverse
momenta, and rapidities of the additional particles φi, pT i, and yi, respectively, with
i = 1, 2, we have [at the partonic level]












|M2|(γγ → cc¯[n]ab), (6.1)
where



































































































































































































T20  P2  N20
γ γ → c c d d






T1 + 2pTpT1 cosφ1. (6.3)
The accessible phase space is defined by












0 ≤ φ1 ≤ 2pi,
0 ≤ pT1 ≤ S +M
2 − 2√SmT cosh y
2
(√
S +m2T − 2
√
SmT cosh y + pT cosφ1
) ,




∣∣∣∣∣ ≤ Arcosh S +M
2 − 2√SmT cosh y − 2pTpT1 cosφ1
2pT1
√






S −mT exp(−y)− pT1 exp(−y1)
pT2
≤ y2 ≤ ln
√




The analytic expressions for the various spin-averaged, squared matrix elements
|M2|(γγ → cc¯[n] + ab) are too lengthy to be listed here.
In Figs. 6.13 and 6.14, we study the pT and y distributions for γγ → J/ψ + jj,
respectively, again imposing the cuts pT ≥ 2GeV and −1.5 ≤ y ≤ 1.5. In addition,
following Ref. [61], we require the two jets to have transverse momenta pT i > 5 GeV and
rapidities |yi| < 2 (i = 1, 2) and to be separated by ∆R =
√
(y1 − y2)2 + (φ1 − φ2)2 > 1
according to the kT -clustering algorithm [62]. While no actual clustering is performed,
the separation of the two jets is necessary to avoid collinear singularities in the final state.
In Fig. 6.13, we analyze the relative importance of the various colour-octet channels.
We observe that 1S
[8]
0 is the most important channel. As is familiar from inclusive J/ψ-





J channels have very similar
pT -dependences for pT ≈ 5 GeV. By the same token, this implies that the theoretical
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- 2 < yi < 2
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Figure 6.13: Transverse-momentum distribution dσ/dpT of γγ → J/ψ + jj via
bremsstrahlung at LEP2. The contributions due to the various colour-octet channels




is modest. On the other hand, the 3S
[8]
1 -channel contribution falls off less
rapidly as pT increases. The suppression of the
3S
[8]












The total y distribution shown in Fig. 6.14 (solid line) exhibits a marked minimum at
y = 0. Its decomposition into the contributions where the dijets are of gg (dotted line)
and qq¯ (dashed line) origin clarifies that this minimum stems from the latter contribution.
This may be understood by observing that the q and q¯ quarks may be created from the
splitting of the incident photons, in which case they are dominantly collinear to the mother
photons. On the other hand, the final-state gluons are either both directly radiated off
the heavy-quark line or emerge through the 1 → 2 splitting of a virtual gluon that is
radiated off the heavy-quark line, so that the resulting y distribution is expected to have
a shape similar to the one of γγ → J/ψ + j studied in Fig. 3.5, which has a maximum at
y = 0.
We now turn to γγ collisions at TESLA. In the e+e− mode, the photons originate
from bremsstrahlung and beamstrahlung, while in the γγ mode they arise from the back-
100
ee fi J/ψ + 2 jets at LEP2 (Bremsstr.)
sum
pTi > 5 GeV
- 2 < yi < 2
2 GeV < pTJ/ψ < 12 GeV
ee fi J/ψ + gg
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Figure 6.14: Rapidity distribution dσ/dy of γγ → J/ψ+ jj via bremsstrahlung at LEP2.
The contributions due to quark and gluon dijets are also shown separately.
scattering of laser light on the incident electron and positron beams.
In Figs. 6.15–6.18, the contributions due to bremsstrahlung (dashed lines), beam-
strahlung (dot-dashed lines), their coherent superposition (solid lines), and Compton
scattering (dotted lines) are shown separately. We apply the same cuts on pT , y, pT i, and
yi (i = 1, 2) as in the LEP2 case. The pT and y distributions of γγ → J/ψ + jj, with all
the leading colour-octet channels included, are shown in Figs. 6.17 and 6.18, respectively.
Comparing Fig. 6.17 with Fig. 6.15, we observe that now the Compton contribution starts
to exceed the one due to bremsstrahlung and beamstrahlung already at pT ≈ 9 GeV. This
may be understood by observing that it is now possible for x to take large values at
small values of pT if the dijet invariant mass is sufficiently large. As in Fig. 6.14, the
y distributions are symmetric about y = 0 and exhibit a local minimum there. This
feature is particularly pronounced for the Compton contribution. As in Fig. 6.16, the
beamstrahlung contribution exceeds the bremsstrahlung one in the central y region and
only extends out to |y| ≈ 3, while the bremsstrahlung one dominates for |y| ≈ 2.2.
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Figure 6.15: Transverse-momentum distribution dσ/dpT , integrated over rapidity interval
|y| < 1.5, of γγ → J/ψ + X, where X represents a gluon jet or a prompt photon, via
bremsstrahlung, beamstrahlung, their coherent superposition, and laser back-scattering
at TESLA.
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Figure 6.16: Rapidity distribution dσ/dy, integrated over transverse-momentum interval
2 < pT < 12 GeV, of γγ → J/ψ + X, where X represents a gluon jet or a prompt
photon, via bremsstrahlung, beamstrahlung, their coherent superposition, and laser back-
scattering at TESLA.
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Figure 6.17: Transverse-momentum distribution dσ/dpT of γγ → J/ψ + jj via
bremsstrahlung, beamstrahlung, their coherent superposition, and laser back-scattering
at TESLA.
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Figure 6.18: Rapidity distribution dσ/dy of γγ → J/ψ + jj via bremsstrahlung, beam-





The NRQCD factorization approach is a systematic framework for inclusive quarkonium
production and provides an elegant explanation for the large direct J/Ψ cross section
measured in pp¯ collisions at Fermilab Tevatron. The absence of transversely polarized J/Ψ
at large transverse momentum, if confirmed with higher statistics, could imply that the
conventional NRQCD velocity-scaling rules have to be replaced by alternative schemes, or
that higher-order QCD effects are essential to describe the spin-dependence of the charm
cross section.
On the other hand, the experimental data on charmonium photoproduction are ad-
equately described by the colour-singlet channel, including next-to-leading order correc-
tions in αs. But there is a considerable amount of uncertainty in the normalization of
the theoretical prediction, and no constraints on the size of colour-octet processes can be
deduced from the photoproduction analysis at present.
A global analysis of different production processes is needed to verify the universality
of long-distance matrix elements in NRQCD. One of the most accurate place to test the
NRQCD validity is the J/Ψ production in the direct two-photon collisions. In contrast
to hadro and photoproduction, the two-photon process is not plugged by the initial-state
transverse-momentum effects, and by the uncertainties in the determination of the parton
densities. In this context, the photon-photon production can be chosen as a discriminator
between the NRQCD mechanism and the CSM. Accordingly, reduced theoretical un-
certainties are required, and that can be achieved by a complete next-to-leading-order
analysis of the hard-scattering processes within QCD. Higher precision for the theoreti-
cal predictions can be achieved, if one considers corrections in v2 to the operator matrix
elements.
With this paper we make a first step towards a complete next-to-leading-order analysis
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of the J/Ψ-meson production in the photon-photon collisions. In this sense, we have
analytically computed the squared matrix elements for all leading-order processes and
checked our results against those already present in the literature. For the next-to-leading-
order corrections we focused on the processes γγ → cc¯ + γ and γγ → cc¯ + g. For their
analysis, the NRQCD formalism provides a consistent theory for including both colour-
singlet and colour-octet states and a systematic cancellation of all types of singularities
in contrast with the CSM.
We have presented complete leading-order numerical results for the process
γγ → J/Ψ + X, considering the NRQCD formalism and including the contributions
from both direct and resolved photons. The comparison of the transverse-momentum
distribution of J/ψ-mesons promptly produced in γγ collisions with the new data taken
by the DELPHI Collaboration at LEP2 confirm NRQCD predictions, while they disfavour
those obtained within the traditional CSM.
The contributions due to single-resolved and double-resolved photon-photon produc-
tion are expected to be suppressed, if the J/ψ-meson transverse momentum and/or the
dijet invariant mass are large compared to the J/ψ-meson mass. In the CSM, only
γγ → J/ψ + γ can happen in direct photon-photon production. Experimental obser-
vation of γγ → J/ψ+ j or γγ → J/ψ+ jj with the predicted cross sections would provide
evidence for the existence of colour-octet processes in nature.
Our next-to-leading-order numerical analysis established that the pure CSM predic-
tions for γγ → J/ψ + γ are reduced by about (30%) and the transverse momentum
distribution falls off more rapidly than the Born one, becoming even negative for some
kinematical regions. The consideration of both colour-singlet and colur-octet states solves
this theoretical inconsistency due to the fact that colour-octet channels have a flatter
transverse momentum distribution. The next-to-leading-order numerical analysis of the
process γγ → J/ψ + j has shown an increase of the total cross section of about an order
of magnitude. This implies that the total cross sections for the two processes become
comparable.
We calculated the cross section of γγ → J/ψ + jj in direct two-photon production at
leading-order in the NRQCD factorization formalism and provided theoretical predictions
for the J/ψ-meson transverse momentum and rapidity distributions in γγ collisions via
initial-state bremsstrahlung at LEP2 and via bremsstrahlung and beamstrahlung or laser
back-scattering at TESLA.
The theoretical issues to be addressed in the future include a critical evaluation of the
power counting rules of NRQCD and the calculation of the higher-order QCD corrections




The SU(3) generators T a(a = 1, · · · , N2c − 1), where Nc = 3, are hermitian, traceless
matrices which generate the closed SU(3) algebra,[
T a, T b
]
= if abcT c, (A.1)
with f abc the structure functions.
The fundamental representation is 3-dimensional where the T a satisfy an additional
relation,
{
T a, T b
}














Here dabc is totally symmetric in a,b and c and is given by
dabc = 2Tr[T a, T bT c]. (A.4)
Using Eq. (A.1) and Eq. (A.2) we obtain the following useful relations:
∑
a









fabcf ebc = CAδ
ae, CA = NC = 3, (A.6)
∑
bc
















δaa = N2c − 1 = 8. (A.9)
The traces of products of three generators in the fundamental representation are
Tr(T aT bT c) =
1
4
(dabc + if abc). (A.10)
The symmetric traceless component of a tensor can be written as
T ij =
(





















{σa, σb} = 2δab (A.13)









Ψ†T aχ · χ†T aΨ + Ψ†T aσiχ · χ†T aσjΨ
)
. (A.14)
Starting from this relation we introduce in the next Section the NRQCD operators.

















Other useful relations for order αs corrections to the OMEs are:








T a ⊗ T a = CF
2Nc




T a ⊗ T a,










T a ⊗ T a, (A.17)
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= 2 [CF O1(n) +BF O8(n)] , (A.18)
T a ⊗ T bT aT b = − 1
2Nc





T a ⊗ T a,
1⊗ T b1⊗ T b = 1⊗ 1∑T bijT bklδjk = CF1⊗ 1, (A.19)
T bT bT a ⊗ T a = CFT a ⊗ T a,
T bT b1⊗ 1 = CF1⊗ 1, (A.20)
where ⊗ stands for the multiplication of the colour- or spin-subspace of the heavy-quark
with that of the heavy anti-quark. This decomposition is used in the definition of the





Starting from the NRQCD corrections to the Lagrangian











and using Eq. (A.14) we define:
• S-wave annihilation operators


















O8[1S0] = Ψ† 1√
2
√




O8[3S1[ = Ψ† σ√
2
√






























































































where H.c stands for the Hermitian conjugate operator, and
χ†
↔
D Ψ = χ†(DΨ)− (Dχ)Ψ).












































































































































































• S- and P-wave production operators
Rewriting the 4-fermionic annihilation operators as a product of two bilinear oper-
ators
O[n] = O†bilin[n]Obilin[n],
the production operators can be written using the projector onto subspace of states
that contains H as
〈OH[1,8][n]〉 = 〈0|Obilin[n]|HX〉〈HX|O†bilin[n]|0〉 = 〈0|Obilin[n]PO†bilin[n]|0〉.
(B.19)
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B.1 Order αs corrections to NRQCD operators
Using the definition of the operators O and R given above, the colour algebra relations
given in the App. A and the integrals discussed in Chapter 2, we can now compute order
αs corrections M to the lowest order (relative to v2) operators (O).














We distinguish three types of contributions








































































































































Considering the same classifications for order αs corrections to the operator O8[1S0]
as before, we have
113



























































































































































We again have contributions like











































































































































The three types of contributions are

















































































































































































(ii) The scalar two-point function is defined as
B0(p





[q2 −m21][(q + p)2 −m22]
. (C.3)
The two-point functions required in the computations of the virtual corrections are
given by













2, 0, m) = B0(4m

































where β ≡ β(s) =
√
1− 4m2/s,























It can be shown that the last integral can be consistently set to zero [63], but it means
that the UV- and IR-poles are identified. In order to make separate checks of UV- and
IR-finiteness possible we should distinguish between them.
(iii) The scalar three-point function is defined as
C0(p
2





[q2 −m21][(q + p1)2 −m22][(q + p2)2 −m23]
.
(C.6)
The useful types for our calculations are
























































































































































































where ζ(2) = pi2/6.
(iv) The scalar four-point function is defined as
D0(p
2






[q2 −m21][(q + p1)2 −m22][(q + p2)2 −m23][(q + p3)2 −m24]
. (C.8)
We have used different types of four-point functions and those containing divergences are
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D0(0, 0, 4m






















































































































































































































C.1 Abelian five-point integrals
The five-point scalar integrals that we need for our computations are of the type






[q2][(q + pc)2 −m2][(q − pc¯)2 −m2]
× 1
[(q + pc − k1)2 −m2][(q + pc − k1 − k2)2 −m2] . (C.10)
The Abelian scalar five-point functions are UV-finite, but IR- and Coulomb-divergent.
Their singular pieces are determined by the small momentum integration region q → 0.
The structure of the divergences can be extracted neglecting the loop momentum in the
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IR-finite propagators. It is easy to see that in this limit we get an IR-divergent scalar three-
point function multiplied with the remaining IR-finite propagators. As regularization
scheme we can use dimensional regularization and the poles arise as 1/IR. We can also
assign a mass to the photon (gluon) and the IR-divergences appears as 1/mλ, where
λ is the photon mass. The finite part of the scalar five-point functions should be the





0 − E(D)div = E(λ)0 − E(λ)div , (C.11)
where the superscript (D) or (λ) refer to dimensional- and respectively mass-regularization
scheme. The generic type of useful scalar three-point function is
C0(pc,−pc, 0, m,m) ↔ C0(p,−p, λ,m,m), where











where we have chosen the small relative velocity v as an IR-regulator, defined by
|pc − pc| = 2mv. If we assign a small mass λ to the photon, then the above mentioned
scalar three-point function can be expressed as





























In our computation we encounter also Coulomb-divergent four-point functions of the form
D0(pc, pc − k1,−pc, 0, m,m,m), whose divergent parts are
D
(IR)
0 (−pc, pc − k1,−pc, 0, m,m,m) =
1[
(pc − k1)2 −m2
]C0(pc,−pc, 0, m,m), (C.15)
and whose finite parts can be expressed as D
(fin)
0 = D0−DIR0 . If we use v as a regulator,
we obtain [14] :
D
(fin)
0 (pc, pc − k1,−pc, 0, m,m,m)
≡ D0(pc, pc − k1,−pc, 0, m,m,m)− 1[




















The singularity structure of the scalar five-point functions is easy to be obtained consid-
ering the IR-limit. The finite part defined as
E
(fin)
0 (pc, pc − k1, pc − k1 − k2, pc, 0, m,m,m,m) ≡
E0(pc, pc − k1, pc − k1 − k2, pc, 0, m,m,m,m)
− 1[
(pc − k1)2 −m2
] [
(pc − k1 − k2)2 −m2
]C0(pc,−pc, 0, m,m) (C.17)
can be analytically obtained using the relative velocity v [14] or the photon mass λ as
a regulator. We have chosen the second method and compare our analytical result with




[q2 − λ2][(q + p)2 −m2][(q − p)2 −m2] ×
1











[(q + p)2 −m2] −
1
[(q − p)2 −m2]
)
× 1
[(q + pc − k1)2 −m2][(q + pc − k1 − k2)2 −m2] , (C.18)
the scalar five-point function can be expressed as
E0(p, p− k1, p− k1 − k2,−p, λ,m,m,m,m) = 1
2λ2
×[D0(p, p− k1, p− k1 − k2, λ,m,m,m)−D0(p, p− k1, p− k1 − k2, 0, m,m,m)
+D0(p, p+ k3, p+ k3 − k2, λ,m,m,m)−D0(p, p+ k3, p+ k3 − k2, 0, m,m,m)]. (C.19)
To get the divergent and finite parts of the E0 we have expressed the sum of D0 functions
on the right hand side of the last equation as a power expansion in λ2 up to O(λ4). For
the analytical expression of D0 functions we have used the formulation outlined in [65].
For the divergent part of E0 we get






















The five-point tensor integrals are defined as





qα, qαqβ, qαqβqγ , qαqβqγqδ
[q2][(q + pc)2 −m2][(q − pc¯)2 −m2]
× 1
[(q + pc − k1)2 −m2][(q + pc − k1 − k2)2 −m2] . (C.21)
They are IR- and Coulomb-finite, so that the tensor reduction can be performed at v =
0 and λ = 0 respectively. The IR- and Coulomb-singularities are contained only in
C0, D0, E0 that emerge from the tensor reduction. Since we have only three linearly
independent external momenta, we have performed the Passarino-Veltman [66] reduction
only for special cases, it i.e. those required in our computations of virtual corrections. So
that we have dealt with scalar products in the numerators of the tensor integrals instead
of n-dimensional vector components.
Using the linear dependence of the external momenta we can express the scalar prod-
ucts appearing in the reduction of the five-point tensor integrals considered before as:
q · p = 1
4
{[(q + p)2 −m2]− [(q − p)2 −m2]},
q · k1 = 1
2
{[(q + p)2 −m2]− [(q + p− k1)2 −m2] + t1/2},
q · k2 = 1
2
{[(q + p− k1)2 −m2]− [(q + p− k1 − k2)2 −m2] + (u1/2 + s1)}.(C.22)
It is trivial to show that all five-point tensor integrals reduce to four-point and lower
tensor integrals and scalar five-point functions. To reduce the two-, three- and four-point
tensor integrals we have used Mathematica package FeynCalc [67]. As a check we have
implemented the Passarino-Veltman reduction as described in Ref.[68] in a FORM [69]
routine.
C.2 Non-Abelian five-point integrals
An example of Feynman pentagon diagrams containing non-Abelian vertices was shown in
Fig. 4.11 . We refer to the involved five-point integrals as non-Abelian five-point functions.
Due to the structure of triple gluon vertices, we can easily reduce the five-point integrals
to a set of lower n-point functions. In our particular computations we have only one type
of non-Abelian five-point function, since the two diagrams differ only by the fermion flow
in the heavy quark lines. Using the simple algebraic relation
1







[q2][(q + k3)2][(q + k3 + p)2 −m2][(q + k1 − p)2 −m2]
+
1
[q2][(q + k3)2][(q − p)2 −m2][(q + k1 − p)2 −m2]
− 1
[q2][(q + k3 + p)2][(q − p)2 −m2][(q + k1 − p)2 −m2]
− 1
[(q + k3)2][(q + k3 + p)2][(q − p)2 −m2][(q + k1 − p)2 −m2]
}
, (C.23)
it is easy to see that this type of five-point function can be reduced to a set of four four-
point integrals. These are usually known, and the D0, C0, B0 required in this computation
are listed in the last subsection. For the scalar five-point function we have




D0[k3, p+ k3, k1 − p, 0, 0, m,m, ] +D0[k3,−p, k1 − p, 0, 0, m,m]
−D0[p+ k3, k1 − p,−p, 0, m,m,m]−D0[p+ k3, k2 − p,−p, 0, m,m,m]
}
.(C.24)









d θ sinn−3 θ
∫ pi
0
d φ sinn−4 φ(a+ b cos θ)−k(A +B cos θ + C sin θ cos φ)−m(D.1)
where n = 4− 2, a 6= b, and A2 6= B2 + C2:
I(0,0)n = 2pi(1 + 2ε+ 4ε
2), (D.2)
I(−1,0)n = 2pia(1 + 2ε+ 4ε
2), (D.3)

































































































For computing the above listed angular integrals we have used the folowing relation [71]
∫ pi/2
0
sinµ x cosν x























where B(a, b) = Γ(a) Γ(b)
Γ(a+b)




exp−t tz−1dt , Re(z) > 0, (D.12)
and F1(a, b, c; z) is the hypergeometric function. The hypergeometric series is definied by
F1(a, b, c; z) = 1 +
a · b
c · 1z +
a(a+ 1) · b(b + 1)
c(c+ 1) · 1 · 2 z
2 + · · · (D.13)
In our calculations we need to expand the results of angular integrals up to order 2. The




































































































[For more details see Ref. [72]].
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